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This paper consists of three independent but related parts. In the first part (§§1- 
6) we give a combinatorial formula for the constants appearing in the "numerators" 
of characters of stable discrete series representations of real groups (see §3) as well as 
an analogous formula for individual discrete series representations (see §6). Moreover 
we give an explicit formula (Theorem 5.1) for certain stable virtual characters on real 
groups; by Theorem 5.2 these include the stable discrete series characters, and thus we 
recover the results of §3 in a more natural way. 

In the second part (§7) we use the character formula given in Theorem 5.1 to rewrite 
the Lefschetz formula of [GM] (for the local contribution at a single fixed point com- 
ponent to the trace of a Hecke operator on weighted cohomology) in the same spirit 
as that of Arthur's Lefschetz formula [A]: in terms of stable virtual characters on real 
groups (see Theorem 7.14.B). We then sum the contributions of the various fixed point 
components and show that, in the case of middle weighted cohomology, the resulting 
global Lefschetz fixed point formula agrees with Arthur's Lefschetz formula. This gives 
a topological proof of Arthur's formula. 

The third part of the paper (Appendices A and B) is purely combinatorial. In Ap- 
pendix A we develop the combinatorics of convex polyhedral cones on which our results 
on characters of real groups are based. The methods of Appendix A are also used in 
Appendix B to prove a generalization of a combinatorial lemma of Langlands. 

The formula for stable discrete series constants given in Theorem 3.1 is redundant, 
since it follows easily from Theorems 5.1 and 5.2. Nevertheless the proof of Theorem 3.1 
is instructive and should probably not be skipped by readers interested in the case of 
individual discrete series constants. Theorem 3.2 is not redundant and in fact provides 
the link between our results on stable discrete series constants and individual discrete 
series constants (we return to this point later in the introduction). Because of the 
redundancy built into the paper, the reader who is mainly interested in the Lefschetz 
formula only needs to read §§5,7 and a little bit of Appendix A. 

Let G be a connected reductive group over Q and let Aq denote the maximal Q-split 
torus in the center of G. Let Kq be a maximal compact subgroup of G{M.) and let Xq 
denote the homogeneous space 
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Let K be a suitably small compact open subgroup of G{Af). We denote by Sk the space 

G{Q)\[{G{Af)/K)xXG]. 

Let E be an irreducible representation of the algebraic group G on a finite dimensional 
complex vector space. Then E gives rise to a local system on Sk- 

Let Pq = MqNq be a minimal parabolic subgroup of G, with Levi component Mq and 
unipotent radical Nq. As usual by a standard parabolic subgroup of G we mean one 
that contains Pq. For any standard parabolic subgroup P we write P ~ MN where M 
is the unique Levi component of P containing Mq and N is the unipotent radical of P. 
The reductive Borel-Serre compactification Sk of Sk is a stratified space whose strata 
are indexed by the standard parabolic subgroups of G. The stratum indexed by G is the 
space Sk- The stratum S^ indexed by standard P = MN is a finite union of spaces of 
the same type as Sk, but for the group M rather than G. 

Let 

j--SK-^ Sk 

denote the inclusion. Consider the object Rj^E^ in the derived category of 5'^. The 
restriction to the stratum Sj^ of the z-th cohomology sheaf of Rj^E^^ is the local system 
on S^ associated to the representation of M on 

H\Ue(N),E). 

For any standard P = MN we write QIm for the real vector space 

X^Am) <8zK 

and 21^ for its dual. Let u e 21^^ and suppose that the restriction of u to QIq coin- 
cides with the element of X*{Aq) by which Aq acts on E. For any standard parabolic 
subgroup P = MN we write up e 21^ for the restriction of u to the subspace 21m of 
2tMo- Then u determines a weight profile and hence a weighted cohomology complex 
(see [GHM]) E^ on Sk (an object in the derived category of Sk)- The restriction to 
S^ of the i-th cohomology sheaf of E^ is the local system on S^ associated to the 
representation of M on 

W{Ue{N),E)>,^, 

the subspace of H\Lic{N),E) on which Am acts by weights > up (a weight fj, e 
X*{Am) C 21^ is > Up if ij, — Up takes non-negative values on the chamber in 21m 
determined by P). 

The main result of [GM] is an explicit version of the Lefschetz formula for the alter- 
nating sum of the traces of the self-maps on 

H'^{Sk, Ek) 

induced by a Hecke correspondence. One of our goals in this paper (see Theorem 7.14.B) 
is to rewrite the Lefschetz formula in [GM] in terms involving a stable virtual character 
Qi, on the group G(M). If u is so positive that Ek coincides with the extension by zero 
of 'Ek, then ©j^ is just the character of the contragredient E* of E (see 7.17). There is 
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a similar (but more complicated) statement in case v is sufficiently negative (see 7.18). 
In general Q^, is given by 

= 5^(-i)d''"(^^/^'')i^(5p'/' ® {e^pY) 
p 

where Ep is the following virtual finite dimensional representation of M 

Y^{-iyH\Ue{N),E)>,„ 

i 

and 5p is the usual modulus character 

6p{x) = |det(a;;Lie(Ar))| 

on M(R); the sum is taken over all standard parabolic subgroups P — MN and i'm^-) 
denotes normalized parabolic induction from M(]R) to ^(IR). 

Since there are simple formulas for characters that are parabolically induced from finite 
dimensional representations of Levi subgroups, it is possible to determine the character 
Qj^ explicitly (Theorem 5.1). In fact Theorem 5.1 is just what is needed to rewrite the 
Lefschetz formula of [GM] in terms of 0,^ (the numbers L^{'~f) that go into the definition 
of L'^{'y) occur as factors in the local Lefschetz numbers). If G(M) has a discrete series 
and if u is the "upper middle" weight profile Um of §5, then (see Theorem 5.2) Qi, agrees 
on all relevant maximal tori with 

(-i)^(«)^e. 

Tren 

where 11 is the L-packet of discrete series representations of G(R) having the same infin- 
itesimal and central characters as E* (and in fact 0^, is equal to this virtual character if 
Pq remains minimal over M), and our formula essentially coincides with Arthur's formula 
for L^-Lefschetz numbers of Hecke operators [A] (see the remarks at the end of 7.19 for 
a detailed comparison with Arthur's formula). This provides evidence for the agreement 
of middle weighted cohomology and L^-cohomology in this degree of generality (in the 
Hermitian symmetric case this agreement is known: middle weighted cohomology agrees 
with intersection cohomology of the Baily-Borel compactification [GHM] and this in turn 
agrees with L^-cohomology [L],[SS]). 

This concludes our discussion of the global results in this paper. However it remains 
to summarize the results on real groups. The two theorems just mentioned (Theorems 
5.1 and 5.2) together give a simple formula for the stable discrete series character 

Tren 

on any maximal torus in G over M. In particular we obtain a simple formula (Theorem 
3.1) for the constants d{w) {w G W) appearing in stable discrete series character formulas 
(actually we prove Theorem 3.1 by a different method). Here W is the Weyl group of 
a root system R such that — 1 e W, for which we have fixed a system of positive roots. 
The formula for d{w) is expressed as a sum over W, each term in the sum being 1,-1 
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or 0, and bears no obvious relation to the formula of Herb [He] for d{w) in terms of 
two-systems. The terms in the sum depend on the finite dimensional representation E, 
although their sum does not, so that we in fact get finitely many different formulas, one 
for each cone in a certain decomposition of the positive Weyl chamber. In Theorem 3.2 
we prove an unexpected symmetry for the function d{w): 

d{w-^) = {-l)'i^^h{w)d{w), 

where e is the usual sign function on the Weyl group. This symmetry, together with 
the formula for d{w~^) as a sum over W, gives a second formula for d{w) as a sum over 
W. Our fixed system of positive roots determines a certain subgroup Wc of W (the 
"compact" Weyl group). If in the second formula for d{w) we replace the sum over W by 
a sum over a coset of Wc in W, the resulting expression turns out to be a formula (see §6) 
for the constants appearing in the characters of individual discrete series representations. 
Of course these constants were already known, implicitly by work of Harish-Chandra and 
explicitly by work of Hirai (or by combining formulas for the stable constants — Herb's or 
ours — with Shelstad's theory of endoscopy); what is perhaps interesting is the simplicity 
of our formula (again we in fact get finitely many different formulas, all giving the same 
result). 

More should be said about Theorem 5.2, which expresses stable discrete series charac- 
ters as linear combinations of characters induced from finite dimensional representations 
of Levi subgroups. J. Adams informs us that a result of this kind was known to G. Zuck- 
erman when he wrote his 1974 Princeton thesis (certain examples are treated in the 
thesis, but a precise general statement is not given there). We do not know if our result 
is the one Zuckerman had in mind, though it seems unlikely that there could be two 
essentially different formulas. What we do know is that an inversion procedure due to 
Langlands (a simple special case of his combinatorial lemma, often applied in Arthur's 
work on the trace formula) allows one to obtain from Theorems 5.2 and 5.3 an expression 
for the character of a finite dimensional representation as a linear combination of stan- 
dard characters, and it is not hard to see that this inverted formula coincides with the 
one due to Zuckerman [Z] (see also [V]). Langlands's inversion procedure works in both 
directions, so that one could also invert Zuckerman's theorem to obtain our Theorem 
5.2. However, this would result in a more complicated proof (ours uses only elementary 
combinatorics and Harish-Chandra's characterization of discrete series characters). 

We wish to bring to the reader's attention some related results of J. Franke [F], 
G. Harder [H2], A. Nair [N] and M. Stern [St]. We would like to thank G. Harder for 
useful discussions concerning topological trace formulas and J. Adams for his comments 
on the history of Theorem 5.2. We are also indebted to the referee for finding a mistake 
in our original formulation of Lemma 1.1(b). The first author would like to thank the 
Institute for Advanced Study in Princeton for its hospitality and support which was 
partially provided by NSF Grant DMS-9304580. 

In this paper we use the following notation. For a finite set S we write \S\ for the 
cardinality of S. For a subset A of a set S we write for the characteristic function 
of A. For a subgroup H of a group G we write Ng{H) (respectively, CentoiH)) for the 
normalizer (respectively, centralizer) of in G (sometimes we allow H tohe & subgroup 
of a bigger group of which G is also a subgroup). For a free abelian group X of finite 
rank we write for the real vector space X 0^ M. Given an endomorphism A of a 
finite dimensional vector space V, we write det{A; V) (respectively, tr(yl; V)) for the 
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determinant (respectively, trace) of A whenever the name of A leaves doubt about which 
vector space V we have in mind. 

1. The FUNCTION 7/;ij(Co, a;, A) 

In this section we consider a root system (X, X*, R, i?^). Here X is a real vector space, 
X* its dual vector space, R C X* a root system in X* that spans X*, and i?^ C X 
the coroot system in X. We write W = W{R) for the Weyl group of the root system 
R. For any Weyl chamber C in X we write for the corresponding Weyl chamber in 
X*. In this section we will define integers 'i(jfi{Co,x,X); in §3 we will see that in case 
— 1 G these integers are (essentially) the ones appearing in the formulas for stable 
discrete series characters on real groups. 

Let Co be a Weyl chamber in X. We write Co for the closure of Cq. Let a; G Co be 
a non-zero element in a 1-dimensional face of Co (thus u is, up to a positive scalar, a 
fundamental coweight for Cq). Put 

R^ := {a e R \ a{u}) = 0}. 

For any chamber C in X relative to R let C denote the unique chamber in X relative 
to Ru, that contains C. For two chambers Ci, C2 in X relative to R we write Ir{Ci, C2) 
or just /(Ci,C2) for the number of root hyperplanes in X separating Ci and C2; thus 
Z(Ci,C2) is the length with respect to Ci of the unique element w & W such that 
wCi = C2. We write i?+ for the set of roots in R that are positive on Cq. Finally we 
write i?+ for R^^ the set of roots in R^ that are positive on Cq. 

Lemma 1.1. (a) The map C ^ C yields a bijection from the set of chambers in X 
relative to R whose closures contain u) to the set of chambers in X relative to R^. If 
Ci, C2 are chambers in X relative to R that contain u, then 

1{Ci,C2) = IrSCuC2). 

(b) Consider the difference \R'^\ — \R'^\- IfM.uj contains a coroot, this difference is odd. 
If M.U! does not contain a coroot and if —Ix/Rui ^ W{Ri^), then this difference is even. 

(c) There exists a unique chamber Cq in X such that —u G Cq and Cq = Cq. Moreover 

{a G -R"*" I ker(Q!) separates Cq., Cq} = R'^ \ R^. 

In particular 

1{Cq,CI,) = \R+\-\R+\. 

(d) Suppose that there exists a positive scalar c such that cu is a coroot G i?^. 
Note that the corresponding root a belongs to Suppose that C" is a chamber in X 
satisfying the following three conditions: 

(1) a takes non-negative values on C" , 

(2) ker(Q;) is a wall of C" , 

(3) C" = Co. 
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Then 

l{Co,C'') = {\R+\-\R+\-l)/2 
(note that by (b) the quantity on the right-hand side is an integer). 

The assertion (a) is standard. Now we prove (b). First suppose that Mo; contains a 
coroot q:^ and let w G W denote the reflection in . We consider the action of w on 
the set R/± obtained from R by taking the quotient by the action of the group {±1}- 
Since tu^ = 1, we see that l-R+l has the same parity as the number of flxed points of w 
on R/±. Let (3 E R. Then wl3 = ±/3 if and only if /3 G Ri_j or G Rc<; (of course these 
alternatives are mutually exclusive). Therefore the number of fixed points of w on i2/± 
is li^rtl + 1, which shows that \R'^\ — \R^, \ is odd, as desired. 

Now suppose that —Ix/Ruj ^ W{Ruj). In other words we are supposing that there 
exists an element w E W of order 2 whose +1 eigenspace is and whose —1 eigenspace 
is the span of R^. Again we consider the action of w on R/±. Let (3 e R. Then wP = ±/? 
if and only if /3 G Ruj or G M.uj. Suppose further that M.uj contains no coroot. Then 
the number of fixed points of on i?/± is \R^\, which shows that \R'^\ — \R'ij^\ is even, 
as desired. 

Now we consider (c). The existence and uniqueness of Cq follow from the first state- 
ment in (a), applied to both u and —uj. Next we prove the second statement in (c). Let 
a G i?"*". Suppose first that a (strictly speaking, ker(ct)) separates Cq, Cq. Since Cq — Cq 
it follows that a ^ Conversely, suppose that a ^ Then a{u) ^ 0, so that a 
strictly separates a;, —uj. Since uj e Cq and —u! G Cq it follows that a separates Cq, Cq. 

Finally we consider (d). We are interested in roots /3 E R that separate Cq, C". Using 

(1) and (3), we see that any such P belongs to i?o := R\ {Ru} U {±q;}). To prove (d) 
we must show that exactly half of the elements of Rq separate Cq, C". Let s E W he 
the reflection in the root a. Then s preserves both J?(^ and {±a} and hence preserves 
Rq as well. Let (3 E Rq. We will be done if we can show that P separates Cq, C" if and 
only if sP does not separate Co,C". Let Cq be as in (c) and note that Cq = sCq. Of 
course Cq, C" are separated by P if and only if Cq = sCq, sC" are separated by sp. By 

(2) sC" and C" are separated only by ±a; therefore sC", C" are not separated by 
Moreover s/3 does separate Co, Cg (use (c)). Therefore Co, C" are separated by /3 if and 
only if Cq, C" are not separated by sP, as we wished to show. The proof of the lemma 
is now complete. 

Now we prepare to deflne the main object of study in this section. For any two 
chambers Ci and C2 in X we write e(Ci,C2) for (— l)KCi,C2)_ Yoi any chamber C in 
X we define a function V'c on X x X* as follows. Let ai, . . . , ctn (n = dim(X)) be the 
simple roots in R relative to C, and let ui, . . . ,ujn E X he the basis for X dual to the 
basis CKi, . . . , CKn for X* . Let x E X, Xe X* and write 

X = a\UJi + h anUJn 

A = 6iQ!i + h hnOln- 

Let / = {1, . . . , n} and define two subsets Ix, I\ of / by 

Ix = {i & I\a^>Q} 

Ix^{iEl\h>Q}. 
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Then define tpc{x,X) by 



(-1)1^-1 if/A = /\/. 



otherwise. 



Note that this function ipc coincides with the function denoted by ip^ in Appendix A 
(see Lemma A.l). 

Now let Co be a chamber in X. Define a function ip{Co, •, •) on X x X* by 



where C runs through the set of chambers in X. When it is necessary to stress the root 
system R we wiU write '4>r{Cq,x, A) instead. We have the foUowing obvious property: 



for any w e W, where e{w) denotes the sign of w. 

As usual we say that an element x & X is regular if it lies on no root hyperplane. 
We say that an element A G X* is R-regular if it lies on no hyperplane of the form 
{A G X* I A(a;) = 0}, where a; is a non-zero element of a 1-dimensional face of some 
closed Weyl chamber in X. Of course this notion of regularity in X* is in general 
different from the usual one, and we refer to the connected components in the set of 
/^-regular elements m. X* as R- chambers in X* to avoid confusion with the usual Weyl 
chambers in X*. 

Suppose that a; is a non-zero element in a 1-dimensional face of Cq. We adopt the nota- 
tion of Lemma 1.1 and the discussion preceding it {e.g., R^, R'^,R'^,C,Cq). Let Z denote 
the hyperplane {A G X* | A(cu) = 0} in X*. We have the root system (X/Mcu, Z, R^, R^). 
Note that Cq — Co + Ma; has the same image as Cq in X/M.u>; we denote this chamber in 
X/Ru by C^. 

Lemma 1.2. Let x be a regular element in X . The function V-'(C'o, x,-) on X* is constant 
on R-chambers. Suppose that A, A' are R-regular elements of X* lying in adjacent R- 
chambers separated only by the hyperplane Z, and suppose further that X{u>) > 0, X'{u>) < 



Here x denotes the image of x in X/Ru and X denotes the unique point of Z lying on the 
line segment joining X and A'. Moreover x is regular relative to R^ and X is Ri^-regular. 

It is clear that iI){Cq,x,-) is constant on i?-chambers. The statement regarding the 
regularity of x and A is easy and will be left to the reader. By Corollary A. 3 



V;(Co,a;,A) = 5^e(Co,C)V'c(a;,A), 



c 



(1.1) 



ip{wCo, X, A) = e(w)'i/'(C'o, X, A) 
= iI^{Cq, wx, wX) 



0. Then 




ip{Co,x, A) - ip{Co,x,y) 
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is equal to the sum over all chambers C such that C contains u or —oj of terms 



±e(Co,C)V'c(x,A), 

where the sign is — if C contains uj and + if C contains —u. We have abused notation 
slightly by writing C when we mean its image in X/lRo;; since C contains u or —u) this 
image coincides with the image of C in X/M^u). By Lemma 1.1(c), for each chamber C 
such that C contains oj, there exists a unique chamber C such that C contains —oj and 
C = C. Combining the terms for C, C, we get 

-6(Co,C) il-e(C,C'))^ci^,~X). 

From Lemma 1.1(c) we see that e(C, C) is —1 if \R'^\ — \R^\ is odd and is 1 otherwise. 
In the latter case each of the combined terms is and so is their sum. In the former case 
the sum of the combined terms is 

-2^6(Co,C)V'^(£,A), 
c 

where C ranges through the set of chambers in X containing uj. It follows from Lemma 
1.1(a) that this expression coincides with —2ipji^{CQ,x,X). 



Thus we have shown that 



(1.2) V(Co,a;,A)-V(Co,a;,A') = I 



-2i;R^{C^,x,~X) if |i?+|-|i2+|isodd, 
otherwise. 



Prom the equality (1.2) and Lemma 1.1(b) we see that Lemma 1.2 holds whenever 
~'^x/Ruj ^ W{R^). Using only equality (1.2), we will prove Corollary 1.3 below. But then 
the general case of Lemma 1.2 will follow, since 'iIjr^{Cq , x, X) = if —Ix/mui ^ W{Roj) 
(by Corollary 1.3). 

Corollary 1.3. Suppose that —Ix ^ W. Then 'ip{Co,x,X) = for all regular x E X 
and all R-regular X e X* . 

We prove this by induction on dim(X). If dim(X) = 0, the statement is trivially true. 
Now assume that dim(X) > 0. Fix a regular element x E X. There exists i?-regular 
Ao e X* such that Ao(a;) > 0. By Proposition A. 5 i/'(Co, Aq) = 0. Therefore, to prove 
the corollary it would be enough to show that 

?/^(Co, a;. A) - ^'(Co, a;. A') 

vanishes whenever A, A' lie in adjacent /^-chambers separated by the hyperplane 

Z = {A e X*\X{uj) = 0} 

determined by a non-zero element uj of some 1-dimensional face of the closure of some 
chamber in X; by (1.1) it is harmless to assume that uj G Cq. By equality (1.2), Lemma 
1.1(b) and our induction hypothesis, this difference does vanish unless — 1x/Rw ^ W^R^J) 
and Mo; contains some coroot . But the product of — Ix/Rcj aiid reflection in the coroot 



is equal to — Ix, and we are assuming that —Ix ^ W. We conclude that the difference 
always vanishes, as desired. 

We need to introduce more notation. Let P (respectively, Q) denote the lattice of 
coweights in X (respectively, the lattice in X generated by the coroots). For any chamber 
C in X we denote hj 5c ^ P the half-sum of the coroots that are positive for C. Put 

isc = Hom(P,C^) 
iad = Hom(g,C^). 

The inclusion Q C P induces a surjection 

^sc ~^ ^ad 

of complex tori, whose kernel we denote by Z^, so that we get an exact sequence 

1 ^ ^ isc ^ iad ^ 1. 

There are natural -valued pairings (•, •) between P and igc and between Q and Ag^. 
Let s e isc and suppose that s'^ e . Define a root system Rg by 

R^, ={a^ e R"" \{a^,s) = 1} 

When we defined '4>r{Cq, •, •) we insisted that R generate X* . Of course this was just a 
matter of convenience. In the general case the intersection of all the root hyperplanes in 
X is a linear subspace Xq in X . Defining ifj{Co, ■, ■) as before, we find from (A. 2) that 
iIj{Co, X, X) is unless A vanishes on Xq, in which case 

where Cq (respectively, x) denotes the image of Cq (respectively, x) in X/Xq; note that 
on the right-hand side A is regarded as an element of {X/Xq)*- These remarks allow us 
to consider the function i1^r^{Cq^ x, A) obtained from {X, X*, Rg, Rg), where Cq denotes 
the unique chamber for Rg in X containing Cq. 

Lemma 1.4. For all regular x & X and all A e X* there is an equality 
c 

in which the sum runs over all chambers C in X . In particular, if s'^ ^ 1, then the 
left-hand side of this equality vanishes for regular x and R-regular X. 

Since ^ ^ the image of in iad is 1, and therefore (a^, s) = ±1 for every coroot 
ct^. By the definition of Rg we have (o;^, s) = 1 ii a E Rg and {a^ , s) = —1 ii a ^ Rg. 
Since Sc — Scq is the sum of the coroots in i?^ that are positive on C and negative on 
Cq, we see that 

e{Co,C){5c-Sc„s)^eR^{Co,C) 
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where C denotes the unique chamber of (X, Rg) containing C. Therefore the left-hand 
side of the equahty we are trying to prove is equal to the sum over chambers D for 
(X, Rs) oie{CQ,D) times 

c 

where C runs through the chambers for (X, i?) contained in D. By Proposition A. 4 the 
difference between 

c 

and 

is a sum of terms of the form ±'0i?(a;, A) where F is a proper face of the closure of 
some chamber C of (X, i?) contained in D. Here V'f is as in Appendix A. But iPf{x, A) 
vanishes unless x e span(F) (see (A. 2)). Therefore for regular x the left-hand side of 
the equality we are trying to prove is 

D 

which, by definition, is if^R^ (Cq, x, A). 

It remains to prove the second statement of the lemma. If the rank of the root system 
Rs is smaller than that of R, then '0^^^ (Cq, x, A) is unless A belongs to the proper linear 
subspace span(i?s) of X*. But the left-hand side of the equality of the lemma is constant 
on i?-chambers in X*; therefore it vanishes for regular x and i?-regular A. If 1 and 
Rs has the same rank as i?, then — Ix ^ W{Rs) (since —Ix sends s to while all 
elements of W{Rs) fix s), and therefore by Corollary 1.3 V'fls (C'o, a;. A) vanishes for all 
regular x E X (regular for Rg) and all i?s-regular A G X*. Any x & X that is regular for 
R is regular for Rg, and again using that the left-hand side of the equality of the lemma 
is constant on i2-chambers in X*, we see that it vanishes for regular x and -R-regular A. 
This completes the proof of the lemma. 

There is another result of this kind. With P, Q as before now put 

^sc = Q ® 

The inclusion Q C P induces a surjection 

^sc ^ ^ad 

of complex tori, whose kernel we denote by Z, so that we get an exact sequence 

1 ^ Z ^ Age ^ Aad ^ 1. 

There are natural -valued pairings (•, •) between Q* and A^^ and between P* and 
^ad {P*iQ* are the free abelian groups dual to P,Q respectively). Note that Q* is the 
lattice of weights in X* and that P* is the lattice in X* generated by the roots. For any 
chamber C in X we write pc G Q* for the half-sum of the roots that are positive for C. 

Let a e and suppose that a? e Z. Define a root system Ra by 

Ra = {ot ^ R \ (cK) o) = !}• 

Let Cq denote the unique chamber for Ra in X containing Cq. 

10 



Lemma 1.5. For all regular x E X and all A e X* there is an equality 
c 

in which the sum runs over all chambers C in X . In particular, if 7^ 1, then the 
left-hand side of this equality vanishes for regular x and R-regular A. 

The proof is essentially the same as that of Lemma 1.4. 

2. The function V'ii(C'o, a;, A) in case -1 e 1^ 

We continue with X,X* ,R,E}^ ,W as in §1. We still assume (for convenience) that 
R generates X*, and we now add the assumption that —Ix G W . Let a be a root and 
define a root system R^, by 

i?^ = {/3^ ei?^|(a,/3^) = 0} 

Let Y denote the hyperplane {x & X \ a{x) — 0}; then i?^ C Y . Let be the reflection 
in the root a. Since —Ix belongs to W, so does — Sq. But —Sa fixes a, hence belongs 
to W{Ra). Since — Sq acts by —1 on Y, we conclude that — ly G W{Ra)- Therefore 
(y, y*, i?Q,, i?^) satisfies the same conditions as {X,X* ,R,R^): R^ generates Y* and 
— ly G W{Rct)- Note that lies in the kernel of every root for Ra. Therefore is a 
non-zero element in some 1-dimensional face of some chamber in X, and can serve 
as the element to considered in §1. Note that R^ = R^ with i?^^ as in §1. 

There are two notions of chamber in y. Of course we have the usual Weyl chambers 
D in y coming from the root system R^ ; these are determined by the hyperplanes /? = 
(/3 G Ra)- There is a larger set of hyperplanes in y, namely those of the form /3 = 
{P E R \ {ia}), and we will refer to the connected components E of the complement of 
this larger set of hyperplanes as chambers in Y relative to R. 

Fix a chamber Cq in X having y as a wall. As in §1 we write C for the unique 
chamber for X relative to R^ = R^ that contains C. It is easy to see that the map 
C I— s> C n y is a bijection from the set of chambers C in X having y as a wall and lying 
on the same side of Y as Cq to the set of closed chambers in Y relative to R; note that 
the closure of C* n y is equal to C n y. Using the chamber Cq, we obtain a function 
i(^{Co, ■, ■) on X X X* as in §1. 

Lemma 2.1. Fix A G X*. The function il^{Co, ■, A) on X is constant on the chambers 
in X. Suppose that x,x' are regular elements lying in adjacent chambers separated only 
by the hyperplane Y, and assume that x,Co lie on the same side ofY (so that x', Cq lie 
on opposite sides of Y) . Then 

i;{Co, X, A) - i;{Co, x', A) = 2^^^^ (Do, Ay) 

where Ay G Y* denotes the restriction of \ toY , y eY is the unique point ofY lying on 
the line segment joining x and x' , and Dq is the chamber CqHY for (Y, Ra)- Moreover 
y is regular in Y , and if X is R-regular then Ay is Ra-regular in Y* . 

11 



It is clear that ipiCo, •, A) is constant on chambers in X. By Lemma A. 2 
is equal to 

2^e(Co,C)V^nr(2/,Ay), 
c 

where C runs over the chambers in X having y as a wall and lying on the same side 
of Y as Co (and x). The factor 2 arises since we have combined the contributions of C 
and the unique chamber adjacent to C across the wall Y. We denote by C"^ the unique 
chamber for {X, R) that is contained in C and whose closure contains u. Replacing a 
by —a if necessary, we may assume without loss of generality that a is non-negative on 
Co and x, and hence on any C appearing in the sum above. Applying Lemma 1.1(d) to 
both Co and any such C (both satisfy conditions (1) and (2)), we see that 

e(Co,C) = e(Co#,C#), 

and then from Lemma 1.1(a) we see further that 

e(Co,C) = e(Co,C) 
= e{Do,D) 

where Dq ^ Cq HY and D = C nY . 

We have now shown that the left-hand side of the equality we are trying to prove is 
equal to 

D E 

where D runs over the chambers of (Y^Ra) and E runs over the chambers in Y relative 
to R such that E C D (the function ip^ is the one attached in Appendix A to the closed 
convex polyhedral cone EinY). Each such D is the disjoint union of the corresponding 
i?'s together with the relative interiors of some closed convex polyhedral cones F of 
lower dimension, each of which is contained in some root hyperplane other than Y. It is 
clear that y lies on no root hyperplane of R other than Y; therefore tppiUT Xy) vanishes 
for all such F (see (A. 2)). By Proposition A. 4 the inner sum is equal to V'r»(y, Ay), 
and therefore the whole expression is equal to 2'^^^^ {Dq, y, Xy)- This proves the lemma, 
except for the last statement, which we leave to the reader. 

Again let Co be a chamber in X and let i?"*" be the set of roots in R that are positive 
for Co. Let e:W—^ {=tl} be the sign homomorphism. The longest element of W is 
—Ix- On the one hand 

<-lx) = (-l)l^"'. 

On the other hand 

e(-lx) = det(-lx) = (-1)^'"^^""^ 
Therefore \R'^\ and dim(X) have the same parity, and we can define an integer q{R) by 



q{R) := (|i?+| +dim(X))/2. 
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To understand the significance of the integer q{R) one should note that it is half the 
dimension of the symmetric space of the split semisimple real group G with root system 
R (a number that is traditionally denoted q{G)). 

Let Cq be the Wcyl chamber in X* corresponding to Cq. From Cq and the coroot 
system i?^ we get a function iljf>v(CQ , ■, ■) on X* x X (the roles of X and X* are now 
reversed). We have the notions of regularity (for x E X) and -R-regularity (for A e X*) 
from before. Applying these definitions to rather than R, we have the notions of 
regularity for A e X* and i?^-rcgularity for x E X; note that the set of regular elements 
in X* is the union of the Weyl chambers in X*. Since —IxEW every coroot in X is 
a non-zero element in a 1-dimensional face of some chamber in X (we saw this during 
the discussion at the beginning of this section). Therefore, if A e X* is -R-regular, it is 
automatically regular, and, similarly, if a; e X is i?^-regular, it is automatically regular. 

Lemma 2.2. For any R"^ -regular x E X and any R-regular A e X* there is an equality 

V;fl(Co,x,A) - (-l)'^(^Vflv(Co^A,x). 

We prove this by induction on dim(X). It is certainly true when dim(X) = (the 
empty root system). Now assume that dim(X) > 0. Fix an i2^-regular element x E X. 
There exists i?- regular Aq E X* such that Ao(a;) > 0, and the equality in the lemma 
holds for X, Aq since both sides of the equality vanish by Proposition A. 5. Therefore it 
is enough to show that 

(2.1) MCo, X, A) - MCo, X, A') = (-l)^(^) (V^flv {C^, A, x) - V^^v {C^, A', x)) 

whenever A, A' are i?-regular elements of X* lying in adjacent /^-chambers. Let Z denote 
the unique hyperplane separating these two adjacent i?-chambers. Thus Z is of the form 

Z = {XeX*\ X{oj) = 0} 

for some non-zero u lying in a 1-dimensional face of the closure of some Weyl chamber 
in X; we may assume without loss of generality that this Weyl chamber coincides with 
Co ( by property (1.1) changing Co changes both sides of (2.1) by the same sign). By 
switching A, A' if necessary we may also assume that A(a;) > and A' (a;) < 0. 

First consider the case in which Mo; does not contain a coroot. Then the left-hand side 
of (2.1) vanishes by Lemma 1.2, while the right-hand side vanishes becaiise ifjfiv(CQ , ■, x) 
is constant on Weyl chambers in X*, not just on /^-chambers. We are left with the case 
in which Ma; contains a coroot a^; replacing a; by a positive scalar multiple we may as 
well assume that u! = a'^ . Since e Cq, the root a is positive for Cq. By Lemma 1.2 
the left-hand side of (2.1) is equal to 

(with notation as in that lemma). 

Of course we are going to use Lemma 2.1 to evaluate the right-hand side of (2.1). 
However the hyperplane 

Z={XeX*\ X{u;) = 0} = {A e X* I A(a'^) = 0} 
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need not be a wall of Cq , so that we need to introduce another chamber (C^)" in X*, 
better suited to our purposes. We take {C^)" to be any chamber in X* satisfying the 
following three conditions 

(1) takes no n- negative values on (C^)", 

(2) Z is a wall of (C^)", 

(3) {{c^rr = {c^oT- 

The notation (•)~ used in (3) has the following meaning: for any chamber in X* we 
write (C^)~ for the unique chamber in X* relative to — {R^)a'^ that contains . 
It is easy to see that (C^)" exists: pick any chamber E'^ in Z relative to i?^ contained 
in {Cq)"" n Z and take for (C^)" the unique chamber in X* satisfying (1) and (2) and 
having the property that the closure of i?^ is equal to the intersection of Z with the 
closure of {C^)" . 

By (1.1) and Lemma 2.1 the right-hand side of (2.1) is equal to 

2(-l)«(«)6(Co\(C^)")V'flv(i;o^A,5), 

with A, X as before and Dq the chamber {{C^)")^ O Z in Z for the root system R^. It 
follows from Lemma 1.1(d) that 

e(Co\(c^)") = (-i)^i''^i-i''-i-')/'; 



since 



we conclude that 



9(i?)-5(i?^) = (|i?+|-|i?+| + l)/2, 



{-l)i(R)e{C^, (C^)") = -{-1)1(^-1 
By our induction hypothesis 

(Do\ A, x) = ijR^ (Co^ X, A). 

Of course we used that Dq — {Cq)^ and that x,X are suitably regular. Therefore the 
right-hand side of (2.1) equals 

-2i;R^{C^,x,~X), 

which coincides with the expression we found for the left-hand side. This concludes the 
proof of the lemma. 



3. Stable discrete series constants cr 

In the theory of stable discrete series characters on real groups, which we will review 
briefly in §4, there appear integer- valued functions (see [K], [He], [He2]) 

for every root system (X, X*, R, i?^) satisfying the two conditions of §2 {R generates X* 
and —Ix e VF, where W — W{R) denotes the Weyl group of R). Here Xrgg and X*^^ 
denote the sets of regular elements in X and X* respectively (regular in the usual sense, 
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so that Xreg, ^reg ^6 described as the unions of the Weyl chambers in X,X* 

respectively). The functions cji satisfy the following five properties: 

(1) Cfl(0,0) = 1 if is empty, 

(2) cji{x, A) depends only on the chamber in X in which x lies and the chamber in 
X* in which A lies, 

(3) cii{x, A) = unless X{x) < 0, 

(4) if x,x' E X lie in adjacent chambers, separated only by the root hyperplane Y, 
then 

cr{x, A) + cr{x', A) = 2ci?y(y, Ay), 

where Ry C Y* is the root system whose set of coroots is fl Y, Ay is the 
restriction of A to F, and y is the unique point of Y lying on the line segment 
joining x and x', 

(5) cii{wx, wX) = cii{x, A) for all w e W{R). 

It is well-known that the collection of functions cr is characterized uniquely by prop- 
erties (1), (3), (4) (this follows easily from an induction on dim{X) as in the proofs of 
Lemma 2.2 and Corollary 1.3). Of course these properties are reminiscent of ones en- 
joyed by the functions iIjr{Co, x, A) studied in §2. For x e X^eg denote by Cx the unique 
chamber in X containing x. We now define an integer- valued function tur on Xreg x X*^^ 

by 

mR{x, A) = ipRiCx, X, A). 

Theorem 3.1. The functions cr and tur are equal. 

We need only show that niR satisfies properties (1), (3), (4) above. Property (1) is 
trivial. Property (3) follows from Proposition A. 5. Property (4) follows from (1.1) and 
Lemma 2.1. 

There is a more efficient way to encode the information in the function cr. Fix a Weyl 
chamber Cq in X and let Cq be the corresponding Weyl chamber in X*. Then define 
an integer-valued function donW = W{R) by putting 

d{w) := cr{xo,wXo) {w e W) 

where xq (respectively, Aq) is any point in Cq (respectively, Cq). Of course d depends 
(in a simple way) on the choice of Cq. Applying this construction to the root system R^ 
(and the chamber Cq) we get a function d'^ onW = W{R'^) = W{R). 

Theorem 3.2. For all w eW there are equalities 

(1) d^{w) = d{w) 

(2) d{w-^) = {-l)i(^h{w)d{w) 
where e{w) denotes the sign ofw. 

Pick a VF-equivariant isomorphism j : X X*. Let Xq G Cq; then Aq := j{xo) G Cq . 
Since ipR depends only on the root hyperplanes and not on the roots themselves, it is 
clear that 

(3.1) 'iPrv{Cq ,Xo,wxo) = 'iPr{Co,xo,wXo), 

and by Theorem 3.1 this just says that 

d"^ (w) = d{w). 

The equality (2) follows from Theorem 3.1 and Lemma 2.2 (use (1.1) and (3.1) as well). 
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4. Background material on stable characters 

In this section we review some of the theory of characters of irreducible representations 
of real groups. Let G be a connected reductive group over M. Let E be an irreducible 
finite dimensional complex representation of the algebraic group G. We are interested in 
irreducible representations tt of G(M) (irreducible Harish-Chandra modules) having the 
same infinitesimal character as E. Harish-Chandra associated to any such n its character 
Gtt, a real-analytic function on Gregl^^), the set of regular semisimple elements in ^(IR). 

Let T be a maximal torus in G. Let B{T) denote the set of Borel subgroups of G 
over C containing T. Let R be the set of roots of T in G. For B G B{T) denote by 
Ab G X*{T) the highest weight of E relative to B, denote by G X*{T)«, half the sum 
of the roots in R that are positive for B and denote by As the Weyl denominator 

a>0 

for T relative to B (the index set is the subset of R consisting of roots that are positive 
for B). 

The character of E on Treg(]R) := T(R) n G'reg(M) is given by 

tr(7;£;)= Yl Ml)-^Bil)-' (7eTreg(M)). 

BeB{T) 

The character of tt on Ti.eg(lR) is given by a similar expression 

(4.1) 9,(7) = Yl n(7,i?)AB(7)AB(7)-' 

BGB(T) 

for certain integers n{'y,B) depending on (7,S). Of course the invariance of under 
conjugation by G(M) implies that 

(4.2) n(7, B) = n{w^w-\ wEw'^) for all w G 11(T(]R), G(R)), 
where n(T(M), G(M)) denotes the real Weyl group 

NGiR){T)/T{R). 

For 7 G rreg(M) define subsets i?^ and i?+ of R by 

Rj := {a E R \ a is real and a{'y) > 0} 
R^ := {a E R \ a is real and a{'y) > 1}. 

Note that R^ is a root system and that is a positive system in R^. Moreover i?^, 
depends only on the connected component F of T(M) in which 7 lies; thus we sometimes 
write Rr instead of R^. Harish-Chandra [HC, Lemma 25] showed that 

(4.3) n(7i, B) = n(72, B) if Fi = F2 and R+ = R+ 



where Fj denotes the connected component of T(R) in which 7j lies. 
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Of course any finite Z-finear combination G of characters G^r as above can also be 
expressed in the form (4.1) for integers n{'y,B) satisfying (4.2) and (4.3) (we refer to G 
as a virtual character on G(M)). We are particularly interested in virtual characters G 
on G(M) that are stable in the sense that 

Q(7) = G(7') 

whenever 7,7' G Greg(K) are stably conjugate. A virtual character G is stable if and 
only if the integers n(7, B) satisfy the following strengthening of (4.2) (for all T): 

(4.4) n(7, B) = n(w^w-^,wBw-^) for all w e W{R), 

where W is the Weyl group of Tc in Gc and VF(]R) is the subgroup of W consisting of all 
elements that are fixed by complex conjugation (of course VF(M) contains n(T(]R), ^(IR)). 

Let A be the maximal split subtorus of T and let M be the centralizer of A in G, a 
Levi subgroup of G. As usual for 7 e M(M) we define a real number 1)^(7) by 

L»^(7) = det(l - Ad(7);Lie(G)/Lie(M)). 

We will need the following result of Arthur [A] and Shelstad. 

Lemma 4.1. For any stable virtual character G on G(M) the function 

7-|i^^(7)r/'e(7) 

on Treg(M) extends continuously to T(]R). 

Let r be a connected component of T(M) and let Freg denote its intersection with 
Treg (IR) . To prove the lemma we must show that 

|i^^(7)r/'e(7) 

extends continuously from r^eg to F. Pick an element a G F such that — 1 (it is easy to 
see that such an element exists). The root system Rr defined above is equal to the set of 
real roots a E R such that a{a) = 1; thus a lies in the center of the connected reductive 
subgroup of G containing T with root system Rr, and we conclude that a is fixed by the 
Weyl group W{Rr) of Rr- Thus F is fixed by the subgroup W{Rr) of 0(T(R), G(M)), 
and since both |-D^(7)|^/^, G(7) are invariant under ri(T(M), G(M)) (which normalizes 
M), it follows that the function 

|i^^(7)r/'e(7) 

on Freg is invariant under W{Rr). Let Tc denote the maximal anisotropic subtorus of 
T. Then 

T = a-Tc(M.) ■exp(2t), 

where 

2l = X*(A)M = Lie(yl(M)). 
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The Weyl group W{Rr) fixes Tc(M) as well as a. Fix a positive system in Rr and let 
C be the corresponding closed chamber in 21. Then C is a closed fundamental domain for 
the action of W{Rr) on 21, and therefore a W^(i?r)-invariant function on F is continuous 
if and only if its restriction to 

F+ := a • Tc(R) • exp(C) 
is continuous. Therefore it is enough to show that 

P^(7)r/'|e(7) 

extends continuously to F""". For any regular element 7 G F+ we have -R+ = R^, and 
thus there are integers m{B) {B e B{T)) such that for all regular 7 e F+ 

6(7)= Yl ™(5)Ab(7)Ab(7)-'- 

BeB(T) 

The Weyl group Wm of Tc in Mc is a subgroup of VF(M), and this subgroup fixes A 
pointwise and hence preserves F and i?p . Therefore it follows from (4.4) that 

(4.5) m{B) = m{wBw~^) for aU w e Wm- 

Choose a parabolic subgroup P = MN having M as Levi component and having the 
property that every element of Rr that appears in Lie(A^) is non- negative on C (here N 
denotes the unipotent radical of P). Put 

a 

where a runs through the roots of T in Lie(A^). We claim that Ap(7) is non- negative 
for all 7 e F+. Indeed, complex conjugation preserves the set of roots of T in Lie(A''). 
If the complex conjugate a is diff'erent from a, then the contribution of a, a to Ap is 
(1 — a{'y)~^) times its complex conjugate; this contribution is certainly non-negative. If 
a is real, then a{a) ~ ±1. If a{a) = —1, then a{'j)~^ is negative and therefore 1 — 01(7)"^ 
is positive. If a{a) = 1, then a e Rr and by our choice of P we have a{^) > 1, so that 
1 — q;(7)~^ > 0. It follows from the claim that 

|D^(7)r/^ = Ap(7)-<^y'(7), 
where Sp denotes the modulus character 

6p{x) := |det(x;Lie(Ar))| 
on M(M). Therefore it is enough to show that 

J2 m(S)-Ap(7)-AB(7)-AB(7)"' 

BeB(T) 

extends continuously to F"*". But it follows immediately from (4.5) that this last expres- 
sion is a linear combination of characters of irreducible finite dimensional representations 
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of M, and of course such a linear combination extends continuously to T'^ (and even to 
all of T(R)). This completes the proof of the lemma. 

For any stable virtual character on G(]R) we denote by $^(7,6) the (unique) 
continuous extension of 

ii^^(7)r/'0(7) 

to T(]R) whose existence is asserted in the lemma we just proved. Sometimes it is 
convenient to extend $^(7, G) to a function on the set of all elliptic elements in M(]R) 
(in other words, the set of M(M)-conjugates of elements in T(M)) by taking the unique 
extension that is invariant under conjugation by M(]R). 

The functions ®) behave simply under induction. Let Q — LU be a parabolic 

subgroup of G with Levi subgroup L and unipotent radical U. Let ©i, be a stable virtual 
character on L(R) and let = ^^(©l) be the virtual character on G(R) obtained from 
by the usual normalized parabolic induction. Let T C M C G be as above. Then 
is stable and for all 7 e T(R) 

(4.6) *^(7,e)= Yl *S'"(7,0.L,-O, 

gL(R) 

where the sum runs over the set of cosets gL{R) of L(R) in G'(R) such that gLg'^ D M, 
and where QgLg-^ denotes the virtual character on gL{M.)g~^ obtained from ©i, on L(M) 
via the isomorphism 

Int(fir) : L ^ gLg'^ 

{liit{g){x) := gxg~^). For regular 7 in T(E) the formula (4.6) is just the usual formula 
for the character of a parabolically induced representation, and by continuity the formula 
remains valid on all of T(R). 

We finish this section by discussing stable discrete series characters. We now assume 
that there exists an elliptic maximal torus in G (elliptic means that T^/Z is anisotropic, 
where Z denotes the center of G). As usual we let q{G) denote half the dimension of the 
symmetric space associated to the adjoint group of G (our hypothesis on G guarantees 
that this dimension is even). Let H be the L-packet consisting of all (isomorphism 
classes of) discrete series representations of G(R) having the same infinitesimal and 
central characters as the finite dimensional representation E. Put 

Tren 

where denotes the character of tt; then the virtual character is stable [HC, Lemma 
61], [S]. Any discrete series representation tt of (j'(R) is obtained by induction from a 
discrete series representation of the normal subgroup 

Z(R) im[Gsc(R) ^ G'(R)], 

where G^c denotes the simply connected cover of the derived group Gder of G. Therefore 
0^ is supported on this normal subgroup (of finite index). 

Let ^dcTcMcGbeas above. Let 7 G rreg(R) and define i?-y as above. The 
character value 0"^(7) is given by (4.1) for certain integers n(7, B). We will now review 
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how these integers are related to the stable discrete series constants discussed in §3. Let 
Tg denote the maximal anisotropic subtorus in T; note that T = ATc- Let L denote the 
centralizer of in G; then Lc is a Levi subgroup of Gc and L contains T. Note that 
the roots of T in L are precisely the real roots of T. 

Let T(]R)i denote the maximal compact subgroup of T(R). Then Tc(M) is the identity 
component of T(M)i, and there is a direct product decomposition 

(4.7) T(R) = A{Rf X T(R)i. 

We decompose our regular element 7 e T(R) according to the decomposition (4.7): 

7 = exp(a;) • 71 

for uniquely determined elements x in X*(A)r = Lie(A) and 71 in T(M)i. Let J denote 
the identity component of the centralizer of 71 in L. The root system of T in J is 
precisely R^. 

Of course we may as well assume that 7 belongs to 

Z(M)im[Gsc(M) ^ G(M)]; 

otherwise n{j,B) — for all B G B(T). In this case we claim that —1 belongs to 
the Weyl group of R^. In proving the claim we may as well assume that 7 lies in the 
image of Gsc(K), and therefore we may as well assume that Gsc = G. Replacing Tg 
by a conjugate, we may assume that is contained in Tf,; then Tf, is contained in L. 
Therefore the connected center of L is equal to (it contains and is contained in both 
T and Tg). Moreover the maximal compact subgroups of L(M) are connected since the 
derived group Lder of L is simply connected and L/Lder is anisotropic. It follows that by 
conjugating T in L we may assume that 71 belongs to Te and hence that Tg is contained 
in J. Therefore the connected center of J is also equal to Tg. The maximal torus T in 
J is split modulo the connected center of J, and therefore its split component A is a 
split maximal torus in Jder- But J contains an anisotropic maximal torus, namely Te, 
and therefore —1 e W{R^). 

Thus the root system Rj in X*{A/Ag)r is of the type considered in §3, and from this 
root system we obtain an integer-valued function c on 

{X4A/AG)R)re^ X {X*{A/AG)m) reg 

(see §3). The integer 77,(7, is given by 

n(7, B) = c{x,p{Xb + Pb - Aq)) 

where 

p:X*{T)^^X*{A)^ 

is the natural restriction map and Aq G X*{T)]^ is obtained from the character Aq G 
X*{Ag) by which Aq acts on E by viewing X*{Ag)]^ as a direct summand of X*(T)^ 
in the usual way. 
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5. The stable virtual characters 



Let F be a subfield of R (the two examples we have in mind are Q and M) . Let G be 
a connected reductive group over F. By a parabohc subgroup of G we mean a parabohc 
subgroup of G defined over F, and by a Levi subgroup of G we mean a Levi component 
defined over F of some parabohc subgroup of G. 

Let M be a Levi subgroup of G. We write T^{M) for the set of parabohc subgroups of 
G containing M, and we write V^{M) for the subset of J^^{M) consisting of those par- 
abohc subgroups for which M is a Levi component; we often abbreviate JF*-'(M),P*-^(M) 
to J-'{M),V{M). Let Am denote the maximal F-split torus in the center of M, and write 
21m for the real vector space 

where the subscript M indicates that we have tensored X^{Am) over Z with M. By a 
root of Am we mean a non-zero weight of Am in Lie(G). Any P E V{M) determines a 
chamber Cp in 21m, consisting of the points x e 21m such that 

{x, a) > 

for every root of Am in Lie(A^), where N denotes the unipotent radical of P. The map 
P I— > Cp is a bijection from V{M) to the set of chambers in 21m (a chamber in 21m is a 
connected component of the complement in 21m of the union of the root hyperplanes in 
2tM)- Let Q G J-'{M) and let L denote the unique Levi component of Q containing M. 
Then 21^ is a subspace of 21m, so that Cq can be regarded as a cone in 21m- Moreover 
2tM is equal to the disjoint union 

21m = U ^Q- 

Qe:F(M) 

We fix a minimal parabolic subgroup Pq of G and fix a Levi component Mq of Pq 
over F. We say that a parabolic subgroup P of G is standard if it contains Pq, and we 
say that P is semistandard if it contains Mq. Thus jF(Mo) is the set of semistandard 
parabolic subgroups. Given a semistandard parabolic subgroup P of G, we write Np 
for the unipotent radical of P and Mp for the unique Levi component of P containing 
Mq. Wc will often write Ap,^p rather than Amp,^Mp- In fact we will often abbreviate 
Mp,Np to M,N, so that 

P = MN. 

When we use Q to denote a semistandard parabolic subgroup, we will often write L,U 
instead of Mq,Nq, so that 

Q = LU. 

Let E be an irreducible representation of the algebraic group G on a finite dimensional 
complex vector space, and let u be an element in (2tp,J*, the real vector space dual to 
21pq, such that the restriction of u to 21g coincides with the character by which Aq acts 
on E (this character is an element of X*{Aq), a lattice in 21^). 

We are going to use E, u to define a virtual representation of the real group ^(IR), the 
character of which we will denote by O^/. The first step is to define an element vp G 2tp for 
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each semistandard parabolic subgroup P = MN. There is a unique standard parabohc 
subgroup P' = M'N' conjugate to P under G{F). There exists g G G{F), unique up to 
right multiplication by M{F), such that gPg~^ = P' and gMg~^ — M', and the inner 
automorphism x ^ gxg~^ of G induces isomorphisms 

Ap ~ Ap> 

independent of the choice of g. Let u' G 2lp, be the restriction of the linear form u to 
the subspace 2tp/ of 2lpg, and then use the isomorphism 2lp ~ 2lp/ to transport u' over 
to an element up G 2lp. This completes the definition of up. It is easy to see that if 
P,Q E T^{Mq) and P C Q, then uq is the image of ^-p under the natural restriction 
map 

The next step is to use E, u to define a virtual finite dimensional complex repre- 
sentation Ep of M for any semistandard parabolic subgroup P = MN. We begin by 
considering the Lie algebra cohomology groups 

H\Ue{N),Ey, 

these are finite dimensional complex representations of M (we use the usual left action 
of M). Of course the action of the split torus ^p on W (Lie{N) , E) decomposes this 
space as a direct sum of weight subspaces 

W{Ue{N),E)^, 

where /j, runs through X*{Ap) (a lattice in 2lp). We write Cp for the closed convex cone 
in 2lp dual to Cp; thus Cp consists of all fj, G 2lp such that {x,/!} > for all x G Cp. 
We write 

H\Ue{N),E)>,^ 

for the subspace of H'^ {Lie{N) , E) obtained by taking the direct sum of all the weight 
spaces i?*(Lie(A'"), for fj, G X*{Ap) such that ji — up & Cp; of course 

H\Ue{N),E)>,^ 

is stable under the action of M. We write Ep for the virtual M- module 

Y,{-^yH\Ue{N),E)y^,. 

i 

We now use a theorem of Kostant [Ko] to express Ep in terms of irreducible represen- 
tations of M. Let T be a maximal torus of M over C and let Bm be a Borel subgroup 
of M over C containing T. For any SM-dominant weight /i G X*{T) we let V^f^ be an 
irreducible finite dimensional complex representation of M with highest weight /i. The 
set of Borel subgroups B of G over C containing T and contained in P is in natural 
bijection with the set of Borel subgroups of M over C containing T. Thus our choice 
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of Bm determines a Borel subgroup B oi G over C containing T and contained in P, 
characterized by the equahty 

Bm^BHM. 

Let R (respectively, Rm) be the set of roots of T in G (respectively, M). The Borel 
subgroups -B, Bm determine positive systems i?"*", i?^ in i?, Rmi and of course 

Let A_B e X*{T) denote the highest weight (with respect to B) of the irreducible 
representation E of G, and let ps G X*(T)^ denote half the sum of the roots in R^ . 
Let W (respectively, Wm) denote the Weyl group of Tc in Gc (respectively, Mc). Let 
W denote the set of Kostant representatives for the cosets Wm\W] thus W consists of 
the elements w & W such that 

w-\Rl,)(ZR+ 

(obviously W depends on the choice of Bm)- Kostant's theorem on Lie(A'")-cohomology 
states that as an M-module H^(Lie{N),E) is isomorphic to 

®yM 
w{Xb+Pb)-Pb 

w 

where w runs through the set of Kostant representatives of length i (we use the length 
function on W determined by B). Note that the weight w{Xb + Pb) — Pb is indeed 
SM-dominant for any Kostant representative w. 

Let 

e :W^{±1} 

be the usual sign function on W {e{w) is (—1)^'^"'), where l{w) denotes the length of w). 
We see from Kostant's theorem that the virtual representation Ep is given by 

J2 ^^^^ ■ ^c*piPM{w{XB + Pb) - Pb) - i^p) ■ Vw{Xb+pb)-pb 

wew 

where ^c*^ denotes the characteristic function of the subset Cp of 21^ and pm denotes 
the restriction map 

X*(T)m = (X,(T)k)*-^21^ 

induced by the inclusion of Am in T. 

Now we are ready to define the virtual character O,^ on the real group (j'(M). For any 
semistandard parabolic subgroup P = MN we write Sp for the modulus quasicharacter 
on M(R) given by 

5p{x) = |det(a;;Lie(Ar))| 

for X e M(R). We write (Ep)* for the contragredient of the virtual representation Ep. 
Then 

Sp^^^ (g) (E^)* 

is a virtual representation of the real group M(]R), which we may induce from P(M) to 
G(E) to obtain a virtual representation 

i${Sp^^^ ® {E^p)n 
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of G(M). We are using the usual normalized parabolic induction, which builds in a factor 

1 /2 

of ; if we used unnormalized induction we would simply be inducing (Ep)* from 
P(M) to G{R). We write for the (Harish-Chandra) character of 

and define a virtual character Qi, on by putting 

:= ^(_l)dim(ApMG)0- ^ 
P 

where P runs over the set of standard parabolic subgroups of G. Note that Q^, is stable. 
Indeed, the character of Ep is obviously stable on M(]R), and stability is preserved by 
parabolic induction. 

Now we fix a Levi subgroup M of G containing Mq, and we assume that Mr contains 
a maximal torus T over R such that T/Am is anisotropic over R. It follows that Am 
coincides with the maximal R-split torus in the center of M, and this in turn implies that 
any parabolic subgroup of G over R containing M is automatically defined over F. Note 
that Am is the maximal R-split torus in T and that T is elliptic in M^. The discussion 
following Lemma 4.1 applies to the stable character G^,, and thus we obtain a continuous 
function $^(7,Gi^) on T(R). Sometimes we abbreviate #^(7,Gi^) to ^m{i-i^v)- 

We are now going to use E, v to define another function L'^['y) on T(R) (with M 
and T as above); we will see in §7 that this function arises naturally in the Lefschetz 
trace formula for Hecke operators. Once the definition is complete our goal will be to 
show that $m(75 Gj/) is in fact equal to L^(7). Let 7 e T(R). There is a direct product 
decomposition 

T(R) = Am(R)° X T(R)i, 

where T(R)i denotes the maximal compact subgroup of r(R). Therefore we can write 

7 as 

7 = exp(a;) • 71 

for unique elements x e 21m and 71 e T(R)i. The complex number L\j{'^) that we are 
in the process of defining has the form 

^m(7) := • \D^m{i)\"^ ■ 5q"\i) ■ LUl) 

Q 

where the sum runs over Q = LU in !F{M) such that x is contained in the subspace 21l 
of %M and where Lq{^) is a complex number we have yet to define. The factor .0^(7) 
was defined in §4, just before Lemma 4.1. 

In order to define Lg (7) we choose a Borel subgroup B of G over C containing T and 
contained in Q, and we put := B (1 L, a Borel subgroup of L over C containing T; 
it turns out that Lq{'^) is independent of this choice. We now use the same notational 
system as we used when discussing Kostant's theorem (though we are now using Q,L 
instead of P, M) . In particular we have the set W of Kostant representatives for the 
cosets Wl\W^ the irreducible representations 

w{\b+Pb)-Pb 
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of L, and the restriction map 

The open convex polyhedral cone Cq in 21^ determines a function 

on 21l X 21^, as in the last part of Appendix A, and we will denote this function simply 
by (Pq{-, •)• We define L^(7) by 

wew 

■ ^q{-x,Pl{w{Xb + Pb) - Pb) - i^q)- 



Theorem 5.1. The two functions $m(7, ond L'^{j) on T(M) are equal. 
By definition ^Mili^u) is given by 

(5.1) E(-1)^^"^^^/^'^^-$m(7,0q) 

Q 

where Q = LU runs over the set of standard parabolic subgroups of G. Applying 
equation (4.6) to the induced character 6q of G(M), we see that $m(75 ©z/) is equal to 

(5.2) ^^_i)dim(A.Mc) j2 $£;(7, Sq}/' ® (^^0*) 

Q Q' 

where the index set for the first sum is the same as before and the index set for the 
second sum is the set of parabolic subgroups Q' over R containing M such that Q' is 
conjugate under G{M.) to Q. Since, as we remarked earlier, every parabolic subgroup of 
G over R containing M is automatically defined over F, we see that $m(75 ©i/) is equal 
to 

(5.3) Yl (-1)''"^''"/^"^^m(7, Sq'/" ® (^q)*) 

(as usual Q = LU). Recalling the expression for Eq that we found using Kostant's 
theorem, we see that $m(7) ©z/) is equal to 

QeJ^{M) w€W' 

(5-4) • tr(7-^ Vj'(;,^+p^)_^^) • Cc*q{pl{w{Xb + Pb) - Pb) - i^q). 

The notation here is the same as that used during our discussion of Kostant's theorem. In 
particular, given Q e JF(M) we must choose a Borel subgroup B of G over C containing 
T and contained in Q in order to define W, the set of Kostant representatives. 

Let Q — LU be a parabolic subgroup in J^{M). As usual 21m is a disjoint union of 
convex cones Cq/, one for each Q' e T{M). But M is also a Levi subgroup of L, and 
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therefore 21m is also a disjoint union of convex cones Cq//, one for each Q" E JF^(M). 
For any Q' E T{M) such that Q' C Q we put Q" := Q' D L, an element of T^{M). The 
map Q' ^ Q" sets up a bijection 

{Q' E T{M) I g' c g} ~ j^^(M), 

and the convex cones Cq',Cq" in 21m are related by the equality 

Cqii = Cqi + '^L- 



Recall that we have written 7 as 

7 = exp(a;) • 71 

for uniquely determined x E 21m and 71 E T(]R)i. For each parabolic subgroup Q E 
T{M) we denote by Q' = L'U' the unique element of T{M) such that 

(1) Q' C g, and 

(2) -xeCq>+^l. 

It follows from the second condition that x belongs to 21^/. 

Now let Qi = LiUi be an element of JF(M) such that x E 21^^ . Pick a Borel subgroup 
B in G over C containing T and contained in Qi. We are interested in the terms in (5.4) 
indexed by parabolic subgroups Q E T{M) such that Q' = Qi. We have inclusions 

T gB gQiGQ, 

so that we can (and do) use B to define the set W of Kostant representatives for the 
cosets Wl\Wg- As before we write Q" for the element Qi fl L of J^^{M). Define a 
function Aq„ on T(R) (a partial Weyl denominator for the group L) by 

AS"(7)=n(i-«w"') 

a 

where a runs through the set of roots of T in Lie (A?"") {N" denotes the unipotent radical 
of Q"). We claim that Aq„(7~^) is a non-negative real number (for '^iQiQiiQ" as in 
the discussion preceding the definition of Aq„). Since Q" is defined over M, the set of 
roots Q! of T in Lie(A^") is stable under complex conjugation. Complex conjugate pairs 
a^a with a ^ a make a non-negative contribution to Ag,/, since 1 — 01(7) is complex 
conjugate to 1 — q;(7). Let cu be a root of T in Lie(A'"") such that a = a. It is enough 
to show that 1 — 01(7) is non-negative. Since Q' = Qi, the element —x belongs to Cq//, 
which implies that 

{x, a) < 0. 

Since a = a, the value of a on any element of T(R)i is ±1. Therefore q;(7i) = ±1 and 

01(7) = exp((a;, a)) ■ a{'ji) < 1, 

as desired. 
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It follows from the claim that 

Moreover, applying Kostant's theorem to L and its parabolic subgroup Q'\ it is easy to 
see that for w e W 

is equal to 

E <«)-M7"';KiVB+PB)-PB) 

where W'^ is the set of Kostant representatives for the cosets Wl^\Wl (relative to the 
Borel subgroup B \~\L oi L). It is also easy to see that 

is the set W" of Kostant representatives for the cosets WlSW (relative to the Borel 
subgroup B of G) and that for w e W ^ u e 

Pl{uw{Xb + Pb)) = Pl{w{\b + Pb))- 
Therefore the contribution of such a Q to (5.4) is 

(_l)dim(A.M.).|^i.(^)|i/2.^^i/2(^). ^ e(«;).tr(7-^;V;X^,,)_,J 

w£W" 

■ ^c*q{pl{w{\b + Pb) - Pb) - i'q)- 

Since all factors in this expression except for the first and last depend on Q only through 
Qi, we see that $m(7, Qu) is equal to 

^(_l)di„.(A.,M.) . . s^l/\^) . Y: e{w) . tr(7-^; V;X+p.)-pJ 

Qi wew" 

(5.5) ■ ^(-l)d-(^.iM.) . {pr^{w{XB + pb) - Pb) - i^q), 

Q 

where the index set for the first sum is the set of Qi — LiUi G JF(M) such that x e 21^^ 
and the index set for the second sum is the set of Q G T{M) such that Q' = Qi. 

Comparing (5.5) with the definition of L'^{'y), we see that in order to prove that 
$m(7, ©i/) is equal to L'^{'j), it is enough to prove the equality 

Q 

(5.6) = (-l)d-(^-i) . ^QA-^.PLA-^i^B+PB) - pb) - l^Q,). 

The sum in (5.6) is taken over the set of Q G J-'{M) such that Q' = Qi, or, in other 
words, the set of Q G J^{M) such that Q D Qi and —x G Cq^ + 21^. Therefore the 
left-hand side of (5.6) is equal to 

^(_l)dim(A,,M,) . ^^^^^gjj-a;) . ^c'^ipr.{w{XB + pb) - pb) - ^q). 
Q 
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where the sum is now taken over all Q e F{M) such that Q D Qi, and this is indeed 
equal to the right-hand side of (5.6), as one easily sees from Lemma A. 6 and the fact 
that the restriction of 

PL, {w{Xb + Pb) - Pb) - Z^Qi 
to the subspace 21^ of 21^^ is equal to 

PLiw{XB + Pb) - Pb) - t^q- 

This concludes the proof of Theorem 5.1. 

We will now make a particular choice for v, and we will show (Theorem 5.2) that 
with this choice the virtual character Oi, becomes especially simple. Denote by A'^o the 
unipotent radical of our chosen minimal parabolic subgroup Pq. Let po G 2tp^^ denote 
half the sum of the roots (counted with multiplicity) of Ap^ in Lie(Ao). As usual we 
regard 21^ as a direct summand of 2tp^ . Define Vm £ 2tp^ by 

t^m '■= — Po + Ao, 

where Aq G X*{Ag) C 21^ is the character by which Aq acts in the representation E. 
From we obtain the virtual character Q^^ on G(R). 

Suppose first that there exists an elliptic maximal torus Tg in G over M, so that G(M) 
has a discrete series. As in §4 we put 

Tren 

where H is the L-packet of discrete series representations of G(R) having the same in- 
finitesimal and central characters as the finite dimensional representation E. Note that 
the contragredient of is equal to 0^ , where E* denotes the contragredient of E. 

Theorem 5.2. The virtual characters ©j^^ and agree on Tj.Qg(R) for any maximal 
torus T in G over R whose M-split component is both defined and split over F. 

It is enough to prove the theorem when F = M, in which case we must show that 0^^, 
is equal to 0^ . We appeal to the characterization of 0^ provided by Theorem 3 of 
[HC]. Clearly Q^,^ and 0^ are invariant distributions with the same infinitesimal and 
central characters. Moreover it is obvious from the definition of 0i/^ that Q^^ agrees 
with 0^* on Te(R) n G'reg(R) (on Te(R) n G'reg(R) the virtual character 0^* coincides 
with that of the finite dimensional representation E*). Thus the only non-trivial point 
is to check the validity of the second condition in Harish-Chandra's theorem: 

sup |L»(7)|i/2|0,^(7)|a;(7)<oo, 

7eGreg(K) 

where u is the unique homomorphism from G(R) to the group of positive real numbers 
whose restriction to Ag(M) is equal to the absolute value of the quasi-character by which 
^g(R) acts in E, and where 

L>(7) = det(l - Ad(7);Lie(G')/Lie(T)), 
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where T denotes the unique maximal torus of G containing 7. 
It is enough to check that for every maximal torus T of G 

(5.7) $m(7,0.^)-^(7) 

is bounded on Treg(M). Here M is (as usual) the centralizer of the split component of T; 
we used that roots of T in M are imaginary and hence that 

|det(l - Ad(7);Lie(M)/Lie(T))| 

is bounded on T(]R). But the boundedness of (5.7) follows directly from Theorem 5.1. 
Indeed, it is enough to check that for all P = MN e V{M) 

(5.8) tr(7-^; K.'fA,+p,)-,J ■ u^il) ■ 
is bounded on T(]R) whenever w e W is such that 

(5.9) ^p{-x,pm{w{\b-\- Pb) - >^q)) i^^- 
By Proposition A. 5 the condition (5.9) implies that 

(5.10) {x,pm{w{\b + Pb) - Ao)) > 0. 
Since 

T(M) = AM(ffi)° X T(M)i 

and T(]R)i is compact, only the character by which Am(IR)*^ acts in is 
relevant to the boundedness of (5.8). In fact the function (5.8) of 7 transforms under 
Am(IR)° by the element 

Pm{-w{Xb + Pb) + Pb + Ao - pn) = Pm{-w{Xb + Pb) + Ao) e 21^ 

where pjv is half the sum of the roots of T in Lie(Ar), and thus (5.10) does imply that 
(5.8) is bounded on T(]R). This completes the proof. 

Now we drop the assumption that G has an elliptic maximal torus over R. First, for 
arbitrary G and suitably regular 7 we will rewrite $m(7j ^Vm) terms of the functions 
ij^R of §1. Second, for G having no elliptic maximal torus we will use this expression for 
$m(7, ^v^) to show that it vanishes under a certain regularity hypothesis on the highest 
weight of E. 

Let T C M C G be as usual. Let 7 e T(M) and write 

7 = exp(a;) • 71 

with X G 21m and 71 G T(M)i. Assume that x is regular in 21m, in the sense that no root 
of Am vanishes on x. Then by (A. 2) (or rather its analog for the function ^pq) L'^{'y) is 
given by 

^m(7) = {-ir-^^-^ ^p'^'(^) • E • k.1a.+p.)-pJ 

Pev{M) wew 

■ <fp{-x,pM{w{XB + Pb) - Pb) - ^p)- 
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Fix a Borel subgroup Bm of M over C containing T. For each P e V{M) we let B{P) 
denote the unique Borel subgroup of G over C such that 

T C B{P) C P 

and n M = Bm- Write P^ = MiV^ for the unique element of V{M) whose 

chamber in 21m contains —x, and write B{x) for B{Px). Let i3(T) denote the set of 
Borel subgroups of G over C containing T, and let B{T)' denote the subset of B{T) 
consisting of Borel subgroups B such that B r\M = Bm- Then 

^m(7) = (-1)'^'"'^^°) E E <5,5(^'))-'^;''"(7)-tr(7-^<+,,_,,(,,) 

BeB{T)' P=MN£V{M) 

■ (Pp{-x,pm{>^b + Pb- Pn) - i^p) 

where e(i?, B[P)) — e{w) for the unique element w &W such that wB{P)w~^ — B and 
where pjv is half the sum of the roots of T in Lie (A?"). Of course 

Pb{p) = Pm + Pn, 

where pM denotes half the sum of the roots of T in M that are positive for Bm- Thus 

Pb(p) - Pb{x) = Pn- Pn, e X*{T) 

is trivial on the intersection of T with the derived group of M, and therefore defines a 
homomorphism 

M^Grn- 

It follows that 

tr(7"'; V^A^+ps-p^(^)) = tr(7-i; l^A^+p^-p^^^, ) • Pb{x) - Pb{p)) 
and this shows that 

^m(7) = (-1)'^''"^^'^^ E M7-^V^/^+p,-p,(.,)-5;y'(7)-6(S,S(a;)).aB 

BeB(T)' 

where 

«B = E (7"',PB(.) - PBiP)) ■ • 5~p'^\l) ■ e{B{P),B{x)) 

P=MN£V{M) 

■ <pp{-x,pm{>^b + Pb - Pn) - t^p)- 
Let P = MN be the element of V{M) opposite P. Note that 

(7"\ PB(a;) - PB(P))^pf (7)^P^^^(7) 

is equal to the sign of the real number 

(7"\ Pb{x) - Pb{p)) = (7~\ Pn, - Pn)- 
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But pjv^ — Pn is the sum of all roots cc of T in AT^. n AT, and since this set of roots is 
preserved by complex conjugation, the sign in question is 

JJsgna(7-^) 

a 

where a runs through the real roots of T in A^^; ^ N. For such a real root 

sgnQ!(7"-^) = sgnQ!(7i). 

Of course the sign e{B{P), B{x)) is —1 raised to the number of roots of T in A^a; fl A/", 
and again since this set of roots is stable under complex conjugation, this sign is — 1 
raised to the number of real roots of T in A^^ H A^. Let -R-y be the set of real roots a 
of T in G such that 0(71) = 1 (or, equivalently, such that ct(7) > 0). Of course R^y is 
a root system in (21m /Stc)* (though it need not span that space). Let C be the set of 
Weyl chambers in 21m for the root system R^. For Ci,C2 G C let e(Ci, C2) be —1 raised 
to the number of root hyperplanes (for roots in R^) separating Ci and C2. Let Cq be 
the vmique element in C that contains —x. For P G V{M) let Cp denote the unique 
element of C that contains the chamber in 2tM determined by P. Then it follows from 
the discussion above that 

aB = ^ e{Co,Cp)(fip{-x,pMi>^B + Pb - Pn) - T^p)- 

P=MNer{M) 

Now suppose that u = u^- Then 

Pm{>^b + Pb - Pn) - lyp = Pm{>^b + Pb - Ao) 

is independent of P. Since x is regular, it follows from (A. 13) and Lemma A. 4 that qb 
is equal to 

(5.11) ^ e(Co, C)iI;-^{-x,pm{^b + Pb - Aq))- 

This is nothing but 

^_-^^dimiAa)^^^^Co, -X,Pm{Xb +PB- Ao)), 

(strictly speaking we only defined the functions ipR for root systems spanning the vector 
space in which they lie, but of course the definition extends immediately to the general 
case). Note that by (A. 2) each term of (5.11) vanishes unless Pm(Ab + Pb — Ao) belongs 
to the span of R^. 

Now suppose that the highest weight of E satisfies the following property: for every 
proper Levi subgroup M of G, for every maximal torus T of M over C and for every 
B e B{T) the element 

^B + Pb — Ao 



of X*{T) is non-trivial on Am- 
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Theorem 5.3. Assume that G contains no elliptic maximal torus over R. Then, under 
the hypothesis above on the highest weight of E, the complex number $m(7)0i/^) is 0, 
and consequently, if F is M, the virtual character is 0. 

By Theorem 5.1 we must show that L^^^ is 0. By continuity it is enough to show this 
for 7 e T(M) such that x is regular in 21m- Then, by the discussion above, it is enough 
to show that (5.11) vanishes. As in §4 let T^. denote the maximal anisotropic subtorus 
in T and let J denote the centralizer in G of T^. and 71. Then is the root system Rj 
of T in J. Clearly is central in J and J /T^ is a split group with split maximal torus 

T/Te. 

Since by hypothesis G/Aq has no anisotropic maximal torus over M, the same is true 
of J/Ag and J/TcAq- Since J/TcAq is a split group, either Aj is strictly bigger than 
Ag or A J = Ag (in which case Rj spans (SIm/SIg)*) and — laM/ao does not belong 
to the Weyl group of Rj. In the first case 21 j is of the form 21^ for some proper Levi 
subgroup L of G containing M, and therefore our hypothesis on the highest weight of 
E implies that every term of (5.11) vanishes. In the second case Corollary 1.3 (applied 
to the root system R^ in 21mMg) implies that (5.11) is 0, since our hypothesis on the 
highest weight of E ensures that Pm{^b + Pb — Ao) is f?^-regular (any intersection of root 
hyperplanes in 21m/21g ^or roots in R^ is of the form 21l/21g for some Levi subgroup 
L of G containing M, and i?-y-regularity is equivalent to non-vanishing on every such 
non-zero intersection) . 

6. Discrete series constants 

In the beginning of §4 (see (4.1)-(4.3)) we reviewed the form taken by the character of 
an irreducible representation of a real reductive group. In this section we are concerned 
with the case of discrete series representations. We then refer to the integers n(7, S) 
appearing in (4.1) as discrete series constants (however we will no longer use the notation 
77,(7,5)). In this section we give a simple formula for the discrete series constants. 
Because of a descent property satisfied by the constants (see [K,13.4]) it is enough to 
give the formula in the following special case. 

Let G be a split semisimple simply connected group over M, and assume that G 
contains an anisotropic maximal torus Tg. Let A be a split maximal torus in G. We 
choose an isomorphism A c::^ over C that is induced by an inner automorphism of G 
over C and use it to identify the character groups of A and T^. We put 

X* :=X*(Te)K^X*(A)K 

and 

X:=X,(Te)M~X,(^)R. 

The roots and coroots of Tg in G give us a root system {X,X*, R, R^). Of course the 
set R spans X*, and —1 belongs to the Weyl group W = W{R). 

Let T be a regular element in X*(Te). Associated to r is a discrete series representation 
7t{t) of G(M) having infinitesimal character r and having the same central character as 
the finite dimensional representation having infinitesimal character r. We are interested 
in the constants needed to express the values of the character of tt{t) at regular elements 
in the identity component 74(M)° of A(M); this is the special case alluded to above. 
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We need a little preparation before we can state our formula for these constants. There 
is a unique maximal compact subgroup K of G(M) containing Te(]R), and the roots of Tg 
in K form a subset Rc of R (such roots are said to be compact). We write Wc for the 
Weyl group^f Rc and identify it with a subgroup of W . It is not hard to see that the 
normalizer Wc of Wc in W is given by 

Wc = {weW\ w{Rc) = Rc}. 

Let C be a chamber in X. The chamber C determines a subset Rc of R in the 
following way. Let 5^ e X denote the half-sum of the coroots that are positive for C, 
and put 

Rc = {aeR\ a{6c) e 2Z}; 

note that no simple root (for C) belongs to Rc- We denote by Wc the Weyl group of 
Rc- We identify Wc with a subgroup of W, and let Wc denote its normalizer in W- As 
before we write for the Weyl chamber in X* corresponding to C. 

It is known (see [AV, 6. 24(f)]) that there exists a chamber C such that Rc equals Rc- 
For such a chamber C we have Wc = Wc and Wc = Wc- The Wc-orbit of C is uniquely 
determined by the condition that Rc equal Rc- 

As before let r be a regular element of X*{Te) (actually, in the definition we are about 
to make we could just as well let r be any regular element in X*{Te)m = X*). Let C 
be a chamber in X (for the time being we do not assume that Rc = Rc)- Let x be an 
-R^-regular element of X, and let A be an clement of X* lying in the VF-orbit W - t of t 
(see §1 for the definition of i2^-regularity). We define an integer 6i?(r, C; a;, A) by 

(6.1) 6fl(T,C;a;,A) = (-l)«(^) ^ €{x,wC)i;^c-{X,x)- 

wew{T,c,x) 

In case Rc = Rc these constants (for X e W ■ t) are the ones needed to express the 
value of the character of tt{t) at the point a G A(]R)*^ obtained from x & X via the 
exponential map (we have identified X^{A) with X^{Te) and thus we may view X as the 
Lie algebra of A(]R)). However for technical reasons it is best to define 6i?(T, C; x, A) for 
any chamber C. 

The expression (6.1) requires some explanation. The integer 

q{R) = +dim(X)]/2 

was used already in §2, and its interpretation in terms of G was also given there. The 
index set for the sum is the coset 

W(t, C, X):={weW\ w-'^X eWc-r} 

of Wc in W (of course Wc ■ t denotes the orbit of r under Wc)- As in §1, for any two 
chambers Ci, C2 in X we write e(Ci, C2) for the sign of the Weyl group element w such 
that wCi — C2- The sign e(x,wC) appearing in (6.1) is by definition e(Ca;,wC), where 
Cx denotes the unique chamber in X containing the (regular) element x E X. Finally 
V'wCv (A, x) is the function of (A, x) G X* x X defined in §1; it is obtained from the coroot 
system R^ and the Weyl chamber wC^ in X* . 
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Of course the integer bji{T, C; x, A) depends only on the i?^-chamber of X in which 
X lies. But in fact we claim that bf;{T,C]x,\) depends only on the Wcyl chamber of X 
in which x lies {x is still assumed to be i?^-regular). Indeed it follows from Lemma 1.5 
(applied to R^) that for all s e Age such that G 

(6.2) Yl , D'^^Sd - Sdo , s)iPd- (A, x) 

D 

depends only on the Weyl chamber in which x lies. Here we are using the notation 
Sd,Asc,s,Z^ of Lemma 1.4 (since we are applying Lemma 1.5 to i?^ rather than R, we 
need the notation of Lemma 1.4), and we have applied Lemma 1.2 to the root system 
Rg of Lemma 1.4. Summing (6.2) over all s e Age such that e we find that 

(6.3) J2<^o,D'')^dA\x) 

D 

depends only on the Weyl chamber in which x lies, where the sum is now taken over all 
chambers D such that the element Sd—Sdq ^ Q lies in 2Q (here Q C X denotes the lattice 
generated by R^). This set of chambers can also be described as the set of chambers 
wDq where w ranges through the stabilizer in W of the element ^j),, G {^Q)/2Q. We 
can think of {^Q)/2Q as consisting of 4-torsion elements in a maximal torus Ag^ in the 
semisimple simply connected complex group Ggc with root system R, and by a theorem 
of Steinberg this stabilizer is the Weyl group of the root system of the centralizer of 
Sdo e ^sc in Gsc, namely 

{aeR\{6Do,a) e2Z}^RDo- 

Therefore the sum in (6.3) is over wDq (w G Wdq) ctnd our claim has been proved (take 
Dq = wqC for any wq G W{t, C, A)). 

In order to prove that the integers 6i?(T, C; x, A) are the ones appearing in the character 
formula for 7r(T) on yl(M)^, we must show that they satisfy various properties. The first 
is that 

(6.4) 6fl(T, C; X, A) = ^^(t, wC; x, A) for aU w G Wc 

(in other words 6i?(r, C; a;. A) only depends on the subset Rc determined by C). It is 
trivial that (6.4) holds for all w G Wc, but to prove it for w G Wc we need to use Lemma 
1.5 (applied to i?^), just as in the previous proof. Indeed, by Lemma 1.5 the expression 
(6.2) vanishes unless = 1. Therefore summing (6.2) over {s G ^sc I = 1} yields the 
same result as summing over {s G ^sc \s'^ E Z^}. It follows that (drop the subscript 
from D) 

Y e(i(;)'0u,Dv(A,a;) 

wEWd 

is equal to 

wEWd 

and it is clear that this expression is multiplied by e{w) if D is replaced by wD for 
w G Wd- This proves (6.4) (take D = wqC for any wq G W{t, C, A)). 
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The next two properties of bji{T, C;x,X) are obvious. 



(6.5) bji{wT,wC;x,X) — bii{T,C;x,X) for all w e VF. 

(6.6) bR{T,C;wx,wX) = bji{T,C;x, X) for all e VF. 
Moreover it follows from Proposition A. 5 that 

6fl(T, C;x,X) = unless X{x) < 0, 
and since bii{T,C;x, A) depends only on the chamber Cx containing x we find that 

(6.7) 6fl(T, C; x,X) = unless A < on Ca;. 
There is one more elementary property of the constants: 

(6.8) bii{T, C;x, X) = 1 if i? is empty. 

The last property we need requires a bit more work. Suppose that a & R and put 
Y = ker(Q;) C X. Define Ra,R^ as in the discussion at the beginning of §2. Recall that 
Ra generates Y* and that —ly € W{Ra)- Let s — & W he the refiection in the root 
a. Assume further that C is a chamber in X such that a belongs to the closure of . 
Let x,x' be i?^-regular elements in X that lie in adjacent chambers separated by the 
wall Y. We are going to derive a formula for 

6fl(T, C; X, A) + bR{T, C; x', A) 

in terms of the constants ba^ associated to the root system Rq,- 

To get a clean formula we need to use the constants for the root system R^ to define 
constants 6^^(t, C;y, A) for i?^-regular y E Y and r e X*, X E W • t, C as before 
(subject to the requirement that a belongs to the closure of C^). Write Wa for the Weyl 
group of Ra- Then we define 

(r, C; y,X) = unless A e WaWc ■ r. 

If A does belong to WoWc ■ t, choose r' e Wc ■ r such that A e Wa ■ r' and put 

b^jT,C;y,X)^bRjf',CY;y,X). 

Here f ',A G Y* denote the restrictions of r', A e X* to Y and Cy is the chamber in Y 
determined by C (thus Cy = Y (1 C, where C is the unique chamber in X relative to 
Ra that contains C) . Since r' is well-determined up to an element of Wa H Wc = Wcy ■, 
we see from (6.4) that 6^^^ (f, Cy ; A) is independent of the choice of r' (the equality 
Wa n Wc = Wcy is a consequence of our assumption that a belongs to the closure of 
C^). It is easy to see that for any X eW ■ t we have the formula 

(6.9) b^^ (r, C; y, A) = (-1)^(«<^) J] e{y, wCy)i^^c- (A, y). 

■u)ew„nVK(T,c,A) 
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Now we are ready to formulate the last property of our constants: for a,s,C,x,x' as 
above 

(6.10) bR{r, C- X, A) + 6fl(r, C- x\ A) = (r, C- y, A) + h^^ (r, C; y, sA), 

where y is the unique point of Y lying on the line segment joining x and x' . Note that 
by (6.6) the left-hand side of (6.10) can also be written as 

6ij(T, C; x, A) + 6i?(T, C; x, sA). 

Let us now prove (6.10). Assume without loss of generality that a{x) > and a{x') < 
0. Then by Corollary A. 3 the left-hand side of (6.10) is equal to 

J2 e{x, wC) ■ V;(„c)v (A, y) ■ r^{w) 

w 

where the sum is taken over the set of all w E VF(r, C, A) such that the closure of wC^ 
contains either a or —a, and where r]{w) = ±1 is defined by 

{—1 if wC^ contains a, 
1 if wC^ contains —a. 

Note that wC^ contains a if and only if w E Wa, and wC^ contains —a if and only 
if sw G Wa (since sa = —a). Looking back at the proof of Lemma 2.2, we see that if 
w G Wa, then 

-{-l)i^^h{x,wC) = {-l)i^^-h{y,wCY). 
Therefore the left-hand side of (6.10) is equal to the difference of 

w&Wcnw{T,c,X) 

and 

J2 e{y,wCY)i^^^c)-{\y). 

w€sWcnW{T,C,\) 

Replacing w by sw in the second sum (and using that {swC)y — {wC)y and sX — A), 
we see that the left-hand side of (6.10) is equal to the right-hand side of (6.10), as we 
wished to show. 

The constants bji are determined uniquely by properties (6.4)-(6.8) and (6.10) (and 
the property that 6fl(r, C;a;, A) depends only on the chamber in which x lies). To see 
this fix T,C,X and regard 6i?(r, C; x, A) as a function of x. If R is empty, bn is given by 
(6.8). If it is non-empty, the value of 6_R(r, C; x. A) is given by (6.7) for x in at least one 
chamber in X. Therefore it is enough to know 

6fl(T, C; X, A) -I- bR{T, C; x', A) 

whenever x, x' lie in adjacent chambers. But by (6.5) (which we use to put C in good 
position relative to the wall separating x,x') and (6.10) the sum above can be written 
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in terms of the constants for a root system of lower rank, which we may assume have 
aheady been determined. 

It is known (see [K,13.4]) that the discrete series constants satisfy these same proper- 
tics; therefore they are equal to the constants 6(r, C; x, A). Before making this statement 
more precise, we need to change the indexing of our constants in order to facilitate com- 
parison with [K]. We now fix a chamber C such that Rc — Rc and define constants 
c(i(;. A, A"*") as follows. For a regular element A e X*, w e W, and a system A+ of 
positive roots for R, we put 

c{w, A, A"*") := b{X, C; x, wX), 

where x E X is any i?^-regular element in the (positive) Weyl chamber in X determined 
by A""". It follows from (6.4) that the right side in this definition is independent of the 
choice of chamber C such that Rc = Rc- The constants c{w, A, A""") are those in [K] (see 
properties (13.32)-(13.34) in [K]). In other words our r corresponds to Knapp's A, and 
our A corresponds to Knapp's wX. 

7. Lefschetz formula on reductive Borel-Serre compactifications 

(7.1) The group G. Let G be a connected reductive group over Q and let Aq denote 
the maximal Q-split torus in the center of G. Choose a maximal Q-split torus in G 
and let Mq denote its centralizer, a Levi subgroup of G. Fix a parabolic subgroup Pq of 
G over Q having Mq as Levi component; then Pq is a minimal parabolic subgroup of G 
over Q. See §5 for notation and terminology concerning parabolic and Levi subgroups. 
In particular for any standard parabolic subgroup P we write M for the unique Levi 
component of P containing Mq and N for the unipotent radical of P; thus P = MN. 

(7.2) The locally symmetric spaces Sk' Let K he a suitably small compact open 
subgroup of G{Af). Choose a maximal compact subgroup Kq of G{M.) in good position 
relative to Mq, in the sense that the Cartan involution on G associated to Kq preserves 
Mq. For each standard parabolic subgroup P = MN we denote by Km the intersection 
of Kg with M(]R), a maximal compact subgroup in M(]R). We denote by Ag(M)^ 
the identity component of the topological group ^g(M), and we denote by Xq the 
homogeneous space 

G{R)/{Kg ■ Ag(M)O) 
for G(]R). We then denote by Sk the space 

G{QmG{Af)/K)xXG]. 

(7.3) The local system on Sk' Let E be an irreducible representation of the 
algebraic group G on a finite dimensional complex vector space. Then E gives rise to a 
local system E/^ on Sk- By definition is the sheaf of flat sections of the flat vector 
bundle 

G{Q)\[{G{Af)/K) xXgxE] 

over Sk- 
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(7.4) The Hecke correspondence (ci,C2) on Sk- Now fix an element g in G{Af), 
and let K' be any compact open subgroup of G{Af) that is contained in i^T H g~^Kg. 
We use g,K' to form a Hecke correspondence on Sk, as follows. The inclusion K' G K 
induces a surjection 

ci : Sk' Sk- 
The inclusion K' C g~^Kg induces a surjection 

Sk> Sg-lKg 

which we compose with the canonical isomorphism (use the element g) 
to get a second surjection 

C2 : Sk' Sk- 

There are canonical isomorphisms 

(7.4.1) cIEk Ek' c:^ c*Ek- 

(7.5) The reductive Borel-Serre compactification Sk of Sk- For any standard 
parabolic subgroup P — MN we denote by S^ the space 

S^ := M{QMN{Af)\GiAf)/K) x Xm], 

where Xm denotes the analog for M of Xq, namely M{M)/{Km • Am{'^)'^)- Now we 
can make precise what it means for K to be suitably small: we require that for each 
standard P the group M(Q) act freely on 

{N{Af)\G{Af)/K) X Xm- 

The reductive Borel-Serre compactification (see [GHM]) Sk of Sk is a stratified space 
whose statra are indexed by standard parabolic subgroups P of G, the stratum indexed 
by P being the manifold S^ described above. 

(7.6) The weighted cohomology complex on Sk' Let p be a weight profile 
(see §1.1 of [GHM]). Associated to the representation E and the weight profile p is a 
constructible complex of sheaves W^C'(E) of complex vector spaces on Sk (see §1.3 of 
[GHM]). In this paper we will denote this complex of sheaves by E^^; as the notation 
suggests, the restriction of E^ to Sk may be identified with E^- 

(7.7) The Hecke correspondence (ci,C2) on Sk- The maps 

ci, C2 : Sk' — Sk 

have unique continuous extensions 

ci, C2 : Sk' —>■ Sk- 
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These maps carry S^, onto S^; in fact, representing points of S^, by pairs (x^Xoo) 
where x G G{Af) and x.^ G Xm, we have that the image of the pair {x,Xoo) under Ci 
(respectively, C2) is the point of represented by {x,Xoo) (respectively, {xg~^ , Xqo))- 

It follows from the definition of weighted cohomology complexes that there are canon- 
ical isomorphisms 

(7.7.1) cIBk ^ Bk' ^ c^Bk. 

The Verdier dual of the weighted cohomology complex is (a shift of) the weighted 
cohomology complex obtained from the contragredient of the representation E and the 
weight profile p dual to p (see §1.3 of [GHM]). Thus, applying Verdier duality to (7.7.1), 
we find that there are canonical isomorphisms 

(7.7.2) c- Ek ^ Ek' ^ c^Ek. 

It follows that there is a canonical isomorphism 

(7.7.3) c^Bk ^ CiEk, 

obtained as the composition of the isomorphism (7.7.1) from C2EK to Ek' and the 
isomorphism (7.7.2) from E^' to c[Eik- Thus there is a canonical extension, namely 
the morphism (7.7.3), of the Hecke correspondence (ci,C2) to the weighted cohomology 
complex Ek- 

(7.8) The goal. The canonical morphism (7.7.3) induces self-maps on hypercohomology 
groups 

(7.8.1) H\Sk,Ek) ^ H'(Sk,Ek). 

These maps are obtained as the composition of the canonical puUback map 

H^{Sk,Ek) H'^{Sk',C2Ek), 

the map 

induced by (7.7.3), and the canonical proper pushforward map 

H\SK',(yiEK) ^ H%Sk,Ek). 

The Lefschetz fixed point formula is a formula for the alternating sum of the traces of 
the self-maps (7.8.1). An explicit version of the Lefschetz formula (for the case at hand) 
is given in the theorem on page 474 of [GM]; our goal here is to rewrite that formula 
in terms of stable virtual characters on the group G(M), using the results in §5 of this 
paper. 

(7.9) Fixed points. First we need to determine the fixed points of the correspondence. 
Of course a fixed point is an element x oi Sk> such that ci{x) = C2{x). Let us fix a stan- 
dard parabolic subgroup P = MN and determine the fixed points of the correspondence 
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that lie in the subset S^, of Sk'- The group -P(A/) acts on G{Af)/K' with finitely 
many orbits. Choose a set of representatives xq G G{Af) for these orbits and put 

K'p{xo) = P{Af) n xqK'x-^ 

K'j^{xo) — image of Kp{xo) in M{Af). 

Then S^, is the disjoint union of the subsets 

S^,{xo) := M{Q)\[{M{Af)/K'M{xo)) x Xm], 

the disjoint union being indexed by the set of representatives xq chosen above. 

A pair (y^yoo) £ ^i^f) ^ represents a fixed point in S^,{xo) of our Hecke 
correspondence if and only if there exists 7 e M(Q) such that 

(1) 7?/oo = Voo, and 

(2) there exists n G N{Af) such that y~^n'yy G XqKqx'^^ . 

The conjugacy class of 7 in M(Q) depends only on the fixed point we started with. Now 
fix an element 7 G M(Q) and denote by Fix(P, xq, 7) the subset of S^t{xQ) consisting of 
all fixed points of our correspondence for which the associated conjugacy class in M(Q) 
is equal to that of 7. The discussion above shows that Fix(P, xq, 7) is equal to 

M^(Q)\(F°° X Foo) 

where denotes the centralizer of 7 in M, denotes the subset of M{Af) / K'^{xq) 
consisting of elements in that set represented by elements y G M(Aj) such that y~^^y 
belongs to the image in M(Af) of P{Af) f] xqKqxq^ , and Fqo denotes the set of fixed 
points of 7 in Xm- 

The group M-y(Q) acts freely on Y°° x Yoo- We write / for the identity component 
of M^. The group /(A/) acts on y°° with finitely many orbits. The space Yoo is empty 
unless 7 is conjugate in M(M) to an element of Km ■ ^m(M)0, in which case /(M) acts 
transitively on Yoo and in fact 

Yoo = /(M)/(K/-Am(IR)°) 

for some maximal compact subgroup Kj of /(M). In line with our usual notational 
conventions we write Xi for the homogeneous space 

m)/{Ki-Ai{^f)- 

note that Yoo maps onto Xi and is in fact a principal fiber bundle over that space for 
the vector group 

^7(M)°Mm(R)°. 

(7.10) Euler characteristic of Sk- We need to recall Harder's formula (see [H]) for 
the Euler characteristic of the space Sk (we should also note that this Euler characteristic 
coincides with the Euler characteristic with compact support of Sk)- Harder's formula 
involves several ingredients, which we now explain. Let us choose a Haar measure dgf 
on G{Af). Then the Euler characteristic of Sk has the form 



X{G) - Yol{K)-\ 
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Of course vol{K) denotes the measure of K with respect to dgf. The quantity x{G) 
depends on G and the Haar measure dgf, but not on K. Moreover x(G') is unless the 
group G has a maximal torus T over R such that T/Aq is anisotropic over M. Assume 
now that this condition is satisfied. Let T^iG) denote the finite set 

V{G) := ker[iyi(R,T) ^ iy^lM,^)] 

(as usual we write i/^(M, G) as an abbreviation for i/^(Gal(C/M), G(C))). Since G/Aq 
has an anisotropic maximal torus over R, there is an inner form G oiG over R such that 
G/Ag is anisotropic over R. We pick a Haar measure dgoo on G(R) and transport it to 
the inner form G(R) in the usual way, by identifying the space of invariant top degree 
differential forms on G with the analogous space for G (this identification is defined over 
R since G is an inner form of G). We define q{G) to be half the real dimension of the 
symmetric space associated to the real points of the adjoint group of G. Then x{G) is 
equal to 

(-!)''(«) vo1(G(Q)^g(M)°\G'(A))vo1(^g(K)°\G(R))-1|P(G')|. 

Of course we use dgf and dg^o to get a Haar measure on G(A); note that x(^) is 
independent of the choice of Haar measures on G(R) and ^g(R)°. 

(7.11) Euler characteristic with compact support of Fix(P, xq, 7). Assume that 
Yqo is non-empty. The Euler characteristic with compact support of the space Fix(P, xq, 7) 
(which is one of the ingredients in the Lefschetz formula) is equal to 

|M^(Q)//(Q)|-i 

times the Euler characteristic with compact support of 

/(Q)\(r~ X Foo), 

and this latter Euler characteristic with compact support is equal to (^_i)dim(Aj/^M) 
times that of 

/(Q)\(y°° X Xi), 

since the natural surjection 

/(Q)\(r°° X Foo) ^ /(Q)\(l"~ X Xi) 
is a principal fiber bundle under the vector group 

yl,(R)OMM(M)°. 

It follows from Harder's theorem (see (7.10)) that the Euler characteristic with compact 
support of Fix(P, xq, 7) is equal to 

{-l)'''^^^''^^\M^m/m)\~' ■ X{I) ■J2yomAf)nyK'M{xo)y-Y\ 

y 

where the index set for the sum is the subset of 

I{Af)\M{Af)/K'j^{xo) 
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consisting of elements that can be represented by an element y e M{Af) such that 
y^^^y belongs to the image in M{Af) of -P(Aj) fl xoRgx^^. Of course we have chosen 
a Haar measure dif on I{Af). Let us fix a Haar measure dm on M{Af) as well. Define 
a locally constant compactly supported function fp^xo on M(A/) as follows: fp,xo is 
vol(i^^(a;o))~^ times the characteristic function of the image in M(A/) of P{Af) n 
xoKgxQ^. For any locally constant compactly supported function / on M(A/) write 
0^{f) for the orbital integral 

/ f(m~^^m) dm/dif. 

Jl{Af)\M{Af) 

Then 

y 

with the same index set as above. Therefore the Euler characteristic with compact 
support of Fix(P, xq, 7) is equal to 

(7.11.1) (-l)d-(^^/^-)|M^(Q)//(Q)|-i-x(/)-0^(/p,.J. 

(7.12) Lefschetz formula (qualitative version). We now need to recall the general 
form taken by the Lefschetz formula in [GM]. The formula is a sum of contributions, one 
for each connected component C of the fixed point set of the Hcckc correspondence. We 
further decompose each such connected component into locally closed pieces 

C p :— C n S^i . 

There are two natural ways to break up the contribution of C to the Lefschetz formula 
as a sum of contributions from the pieces Cp. In [GM] one of these two ways was chosen; 
it leads to the version of the Lefschetz formula given in that paper. However it is the 
other version that we are using here. 

This alternative version differs in two respects from the one chosen in [GM] . The first 
is that it involves the Euler characteristic with compact support of Fix(P, xq, 7) (rather 
than its Euler characteristic) . The second is that neutral directions are treated as being 
contracting (rather than expanding); this change affects the definition of the set 1(7) 
appearing in (7.14), as we explain in more detail when we make the definition. 

The subset Fix(P, ^0,7) of the fixed point set is a disjoint union of certain sets of 
the form Cp, and from [GM] we sec that the total contribution of Fix(P, a;o,7) to the 
Lefschetz formula is given by the product of three factors: 

(1) the Euler characteristic with compact support of Fix(P, Xq, 7), 

(2) the ramification index 

r{xQ) := [N{Af) n xqKxq'^ : N{Af) n xqK'xq'^] 

of the map ci at any point in 5'^,(xo), 

(3) a factor Lp{^) that depends only on the G(M)-conjugacy class of the pair (P, 7) 
(and, of course, the representation E and the weight profile p as well). 
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We will review the precise form of the factor Lp{'y) later. All that matters for the 
moment is the property stated in (3). The discussion above shows that the Lefschetz 
formula (for the alternating sum of the traces of the self-maps (7.8.1)) is given by the 
following sum 

(7.12.1) ^^(_i)dim(A,M^) . |M,(Q)//(Q)|-i . x{I) ■ Lp{^) ■ 0,{fp), 

P 7 

where fp is the locally constant compactly supported function on M(A/) defined by 

(7.12.2) fp:=J2<^o)fp,xo- 

Xo 

In the sum defining /p, the index xq runs over a set of representatives for the orbits 

of P{Af) on G{Af) / K' , as before. In the first sum in (7.12.1) P runs through the 
standard parabolic subgroups of G, and in the second sum 7 runs through the set of 
M(Q)-conjugacy classes of elements 7 G M(Q) such that the fixed point set of 7 in Xm 
is non-empty. 

(7.13) Some familiar harmonic analysis. Let P = MN be a standard parabolic 
subgroup of G. In (7.11) we fixed a Haar measure dm on M{Af). Now we fix a Haar 
measure dg on G{Af) as well. Pick a compact open subgroup Kq of G{Af) such that 

GiAf) = PiAf)Ko. 

Choose Haar measures dn on N{Af) and dk on Kq so that the usual integration formula 
holds: 

(7.13.1) [ f{g)dg= III f{mnk)dkdndm 

JGiAf) JM{Kf) JNiAf) JKo 

for any / in C^(G(A/)), the space of all locally constant compactly supported functions 
on G{Af). Let ^p(Aj:) denote the modulus function on P(A/); thus, for x e P{Af) we 
have 

Sp(Af){x) I det(Ad(a:); Lic(iV) ® A/)|a^, 

where | ■ Ia^ is the normalized absolute value on Aj . Given / e C^(G(A/)) we define a 
function /m G C!^{M{Af)) in the usual way, by putting 

(7.13.2) fM{m):^6-'i^Jm) [ [ f{k-^nmk)dkdn. 

' JN{Kf) JKo 

The function /m depends on P and even on Kq, but its orbital integrals do not. It is 
worth noting that its orbital integrals are one of the ingredients in Arthur's trace formula 
[A]. 

We are interested in a particular function /°° e C^(G(A/)), namely the Hecke op- 
erator associated to the Hecke correspondence in (7.4). Explicitly, /°° is by definition 
\o\dg{K')~^ times the characteristic function of the coset Kg (with K,g,K' as in (7.4)). 
Applying the discussion above to /°°, we get e C^{M{Af)) (defined by (7.13.2), 
with / replaced by /°°). In (7.12.2) we defined a function fp e C^{M{Af)). 
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— 1/2 

Lemma 7. 13. A. The functions and ^p(A/) ' have the same orbital integrals. 

1 /2 

It is equivalent to prove that ^p(a^) " /m fp have the same orbital integrals. Note 
that although fp depends on the choice of representatives xq for the double cosets 

P{Af)\G{Af)/K', 

its orbital integrals do not. Suppose that we replace K' by a compact open subgroup 
K" of G{Af) contained in K'. Then /°° is multiplied by the index [K' : K"], as is f^. 
An easy calculation shows that fp is also multiplied by [K' : K"], as long as we take 
representatives for 

P{Af)\G{Af)/K" 

of the form xok' , where xq is one of our previous representatives and k' e K'. Therefore, 
by shrinking K' if necessary, it is enough to prove the lemma in the case that K' is 
contained in Kq. Then we have 

SpL)(^)fMim)= V vo\dk{K') [ f^{x-^nmx)dn. 

1/2 

Thus <^p(Aj:) ■ /m same orbital integrals as the function of m e M{Af) given by 

a{x) / f°°{x~^nmx) dn, 

xe{PiAf)nKo)\Ko/K' -^^iM 

where 

a(x) =vo\dk{K') ■ [P{Af)r]Ko : P{Af) n xK'x'^] 
= voldg{K') ■ yoldmdn{P{Af) n xK'x-^)-\ 

Here we used that 

voWdn(P(A/) n i^o) =voldg(i^o) • voldfc(i^o)"^ 

^yoUgiK')-yoldk{KT\ 
which follows from (7.13.1), applied to the characteristic function of Kq. Prom the 
equality 

G{Af) = P{Af)Ko 

it follows that 

{P{Af) n Ko)\Ko/K' ^ P{Af)\G{Af)/K'. 

Thus the elements x used here can serve as the elements xq used to define fp. Moreover 
it is easy to see that 

f°°{x~^nmx) dn 



is unless m lies in the image in M(Aj) of 

P{Af)nxKgx~^, 

in which case it equals 

voW(iV(A/) n xKx-^) ■ yoldg{K')-^; 
this shows that (with xq — x) 



a{x) 

The proof of the lemma is now complete. 
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/ f°°{x ^nmx)dn = r{xQ)fp^xo{m). 

JNikf) 



(7.14) Manipulation of the Lefschetz formula. From Lemma 7. 13. A we see that 
the orbital integral 0^{fp) appearing in (7.12.1) can be rewritten as 

07(/p)=<1,)(7)-0^(/m), 
with fj^ as in (7.13). Moreover, since 7 e M(Q) the product formula shows that 

where for x e P(R) we put 

Sp{R){x) = |det(Ad(a;);Lie(iV) (8)M)|. 
Therefore the Lefschetz formula (7.12.1) can be rewritten as 

(7.14.1) Yl E \M,{Q)/mr' ■ xU) • 0^(/^) • (-i)dim(^^M-) . S-li^{^) . Lp{^), 

P 7 

with the two index sets for the sum the same as in (7.12.1). 

The factors |M^(Q)//(Q)|-i and x(^) depend only on M^. The factor 0^{f^) de- 
pends only on the G(Q)-conjugacy class of the pair (M, 7). Therefore we could rewrite 
(7.14.1) by grouping together terms according to the G(Q)-conjugacy class of (M, 7). 
However, there are still more terms that can be grouped together, and it is this phenom- 
enon that we must study next. 

The elements 7 appearing in (7.14.1) are semisimple, since they are required to fix 
some point in Xm- We now fix a semisimple element 7 G G(Q) and consider the set 
of Levi subgroups of G such that 7 e M(Q). Recall that M coincides with the 
centralizer CentoiAM) of Am in G {Am denotes the maximal Q-split torus in the center 
of M, in line with the notational conventions established in (7.1)). Thus a Levi subgroup 
M of G contains 7 if and only if Am is contained in G^, the identity component of the 
centralizer of 7 in G. We are now going to define a map M 1— > M* from Ai-y to itself. 
Let M e M-y. Put / := and note that Aj contains Am- Then put 

M* := CentG(^/) = CentM(^/). 
Clearly M* is a member of Ai-y and M* is contained in M. 

Lemma 7. 14. A. The following statements hold. 

(1) 7 G / C M*. 

(2) /= (M*)0. 

(3) Am- = Ai. 

(4) M** = M*. 

(5) Suppose that M* = M and that Mi is a Levi subgroup of G containing M . Then 

= M if and only if (Mi)0 = M^. 

The first statement is obvious. The second statement follows from the first and the 
fact that M* is contained in M. As for the third statement, the inclusion Am* 3 Aj 
is trivial and the opposite inclusion follows from the obvious inclusion Am* C A(^m*)o , 
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since (M*)° = / by the second statement. The fourth statement foUows immediately 
from the second. Finally we verify the fifth statement. If = M, apply the second 
statement to Mi to see that (Mi)5^ = M^. Conversely, suppose that (Mi)° = M°. Then, 
applying the third statement to both Mi and M, we see that Am* — Am, which in turn 
implies that M^* = M. 

The first and second statements of the lemma together allow us to apply the usual 
descent theory for orbital integrals. Put (as usual) 

D^. (7) := det(l - Ad(7); Lie(M)/ Lie(M*)) e Q. 

Since MO = (M*)0, it follows that 

and from descent theory we have the equality 

(7.14.2) O^OTO = Pl^.(7)iy/ • O^OT). 
Furthermore the product formula implies that 

I j-,M / m1/2 I 7-,M / M-1/2 
\Dm* iVlAf = I^m*(7)Ik • 

The Lefschetz formula (7.14.1) can now be rewritten as 

J] |M,(Q)//(Q)|-i . x{I) ■ OMm*) ■ (-l)d'-(^^/^-) 

(P,M,7) 

(7.14.3) ■\D^4l)\'J'-S-li^{j)-Lp{j), 

where the sum runs through a set of representatives for the G(Q)-conjugacy classes of 
triples (P, M, 7) consisting of a parabolic subgroup P of G, a Levi factor M of P and 
an element 7 e M(Q), satisfying the condition that the fixed point set Xj^ of 7 on Xm 
be nonempty. As usual we write / for M°. We may impose the additional condition 
that the real group (//A/)r contain some anisotropic maximal M-torus, since otherwise 
X(/) = (see (7.10)). 

For any triple (P, M, 7) satisfying these conditions the real group {M* /Am* )r contains 
some anisotropic maximal M-torus, and moreover 7 is elliptic in M*(M) (in other words, 
is contained in some maximal R-torus in M* that is anisotropic modulo Am*)- Indeed, 
by assumption there exists a maximal torus T in / over R such that T/Aj is anisotropic 
over R. But T is also a maximal torus in M* (use the second statement in Lemma 
7. 14. A), and Aj — Am* (use the third statement in Lemma 7. 14. A), so that T/Am* is 
an anisotropic maximal torus in {M* /Am*)r containing (the image of) 7. 

Therefore the Lefschetz formula (7.14.3) can be rewritten as 

xii) ■ omm) ■ E miUQ)/m)\-'-\D^'ii)\i^" 

(M,7) (Pi, Ml) 

(7.14.4) ■ (_i)d-(AMMMj . 5-V^2 . Lp^^^y 
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In (7.14.4) / again denotes M°, and the index sets for the sums are as follows. The first 
sum runs over a set of representatives for the G(Q)-conjugacy classes of pairs (M, 7), 
where M is a Levi subgroup of G and 7 G M(Q), satisfying the conditions that {M/Am)r 
contain some anisotropic maximal M-torus and that 7 be elliptic in M(M). Write Nq[M) 
for the normalizer of M in G. Then the second sum in (7.14.4) runs over a set of 
representatives for the A^g(-^)(Q) nG-Y(Q)-conjugacy classes of pairs (Pi, Mi) consisting 
of a parabolic subgroup Pi in G and a Levi factor Mi of Pi , satisfying the three conditions 

(1) Ml D M (which implies that 7 e Mi(Q)), 

(2) Ml* = M, 

(3) XIj^ is non-empty. 

Consider two pairs (M, 7) and (Pi, Mi) appearing in (7.14.4), and let / = M^, as 
before. Our assumptions on (M, 7) imply that (//A/)k contains some anisotropic max- 
imal ]R-torus and that Aj = Am (note in passing that this implies that M* = M). 
Let ?i(Pi,Mi) denote the number of elements in the conjugacy class of (Pi, Mi) under 
Ng{M){Q) n G^(Q). We are now going to check that 

(7.14.5) |(Mi)^(Q)//(Q)| ■n(Pi,Mi) = |(iVG(M)(Q) n G'^(Q))//(Q)|. 

Indeed, it follows from the equality Am = Aj that 

Ng{M){Q) = Ng{Am){Q) 
= NGiAi){Q). 

The stabilizer of (Pi, Mi) in G{Q) is Mi(Q), and hence its stabilizer in Ng{M){Q) n 
G^{Q) is NM^iM){Q) n (Mi)^(Q). Since any element of (Mi)^(Q) normalizes the split 
component Aj of (Mi)° = /, we see that 

iVM,(M)(Q)D(Mi)^(Q), 

and therefore the stablizer of (Pi, Mi) in iVG(M)(Q) nG^(Q) is simply (Mi)^(Q), which 
proves (7.14.5). Therefore the Lefschetz formula (7.14.4) can be rewritten as 

(7.14.6) Yl I(^g(M)(Q) n G^(Q))//(Q)|-^ • x(/) • 0^(/^) • (-i)dim^M/Ac . 

(M,7) 

where the index set for the sum is the same as that for the first sum in (7.14.4), and 
where 

(7.14.7) Lm(7):= E ("l)"''"^"^/^" KnT)!^' • (7) • i^p. (7), 

(Pi, Ml) 

with the index set equal to the set of all pairs (Pi, Mi) satisfying (1), (2), (3) (in other 
words, we no longer divide by the action of Ng{M){Q) G^(Q) on the set of pairs). 

Note that condition (2) is equivalent to the condition that the connected centralizers 
of 7 in M and Mi coincide (recall that M* = M and apply Lemma 7.14.A(5)), and this 
in turn is equivalent to the condition that (7) be non-zero. Therefore condition (2) 
can be dropped without changing (7.14.7). 
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Our assumptions on (M, 7) imply that there exists a maximal torus T of G over M. 
containing 7 such that T/Am is anisotropic over R. The element 7 can be written as 

7 = exp(a;) ■ 71 

for unique elements x G 21m and 71 G T(]R)i, where T(M)i denotes the maximal compact 
subgroup of T(]R) (see §5 for the definition of 21m)- It is easy to see that Mi satisfies 
condition (3) if and only if x belongs to the subspace 21mi of 21m- We conclude that 

(7.14.8) Lm(7) = J](-l)<i'-(^-/^-) - \D^m{i)\'^" ■ S'll^il) ■ Lq{i) 

Q 

where the sum ranges over all parabolic subgroups Q = LU containing M such that x 
lies in 21l (here, as usual, L denotes the unique Levi component of Q containing M and 
U denotes the unipotent radical of Q). 

At this point we need to be more precise about the complex numbers Lq{'j), and in 
order to do so we must first discuss weight profiles. As in §5 let be an element in 
[Qlpg)* whose restriction to 21g coincides with the character by which Aq acts on E. 
Then u determines a weight profile (see §1.1 of [GHM]) in the following way. As in §5 u 
determines elements 

lyp G 2tp 

for every P G J-'{Mo) and in particular for every standard parabolic subgroup P. The 
weight profile we associate to v is the one such that the restriction to the stratum (for 
standard P = MN) of the z-th cohomology sheaf of the weighted cohomology complex 
is the local system associated to the finite dimensional representation 

of M defined in §5. See Proposition 17.2 of [GHM] in order to see how to describe this 
weight profile in the language of that paper; note that in [GHM] the subspace 

H\Ue{N),E)>,^ 

is denoted by 

H\np,E)+. 

Now we are in a position to give a precise formula for Lq{'~^). Here, as above, Q = LU 
is a parabolic subgroup containing M such that x lies in the subspace 21/, of 21m- This 
formula is essentially the one given in [GM,§11], although that paper only discusses two 
particular weight profiles and uses the other natural way of breaking up the Lefschetz 
formula as a sum over strata of fixed point components. Let ai, . . . £ 21 J, be the 
simple roots of Al in Lie{U). Let / = {1, . . . ,n} (we temporarily reuse the notation / 
in this way for the sake of compatibility with [GM] ) . Put 

1(7) := {i G I\{ai,x) < 0} 

(the set of "expanding directions"). In [GM] the set 1(7) is defined instead by the 
condition 

{ai,x) < 0; 
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this, together with the use of Euler characteristics rather than Euler characteristics with 
compact support, is the other natural way of breaking up the Lefschetz formula. 

Choose a Borel subgroup B oiG over C containing T and contained in Q, and let W' be 

the corresponding Kostant representatives for the cosets Wl\W. Let \b,Pb £ X*{T)]^ 
be as usual (see §5). Let ti, . . . ,tn G be the basis of 21l/21g dual to the basis 

ai,. ..,an of (SIl/SIg)*- For w eW put 

I{w) = {iel\ {pl{w{-Xb - Pb) + Pb) + i^Q, ti) > 0}. 

In [GM] the set I{w) was defined using < rather than >, but this was a misprint and 
should have been >. If we take z/ = Vm, our set I{w) still differs (> rather than >) 
from the (corrected) one in [GM]: there are two middle weighted cohomology complexes, 
upper and lower, and the formula in [GM] arises from one of them while the formula 
here arises from the other. 

The complex number Lq{^) is defined by 

(-1)1^(^)1 ^6(«;).tr(7-^K.^(,,+,,)_, J 

where the index set for the sum is the set of w G W such that I{w) = Perhaps 
the following remarks will help the reader understand the number Lq{^). The local 
contribution to the Lefschetz fixed point formula from a connected component of the fixed 
point set is given (see [GM2]) by the (weighted) cohomology (of a regular neighborhood of 
the fixed point component) with supports which are compact in the expanding directions 
and which are closed in the contracting directions. The piece of weighted cohomology 
which is indexed by w e W (via Kostant 's theorem) contributes to stalk cohomology 
with compact supports in the directions I{w) and with degree shift by \I{w)\. The Hecke 
correspondence is expanding away from the stratum S'^ in the directions 1(7). Thus the 
contributions to the Lefschetz formula occur when I{w) = 1(7). 

As in §5 let Cq be the (open) chamber in 21^ corresponding to Q e 7^{L); of course 
the image of the cone Cq in SIl/SIg is generated by ti, . . . ,tn- Again as in §5 let <^q 
denote the function 

^Cq(-,-) 

on 21^ X 21^ determined by the open cone Cq (see the last part of Appendix A). By 
Lemma A. 7 and the analog of (A. 2) mentioned just before Lemma A. 7 the value of 

(Pq{-x,pl{w{Xb + Pb) - Pb) - i^q) is given by 

(_l)dim(AG) . ^_]^^dim(yli,/AG)-|/(7)| 

if I{w) = 1(7) and is otherwise. Therefore 

Lq{i)^ J2 <^) ■ i-^)''''^^''''^-^Qi-^,PL{w{XB + pb) - pb) - i^q) 

w€W' 

•tr(7"';"t^J'(AB+PB)-PB)- 

This expression for Lq{'^) coincides exactly with the one used to define L^{^) in §5. 
Moreover, comparing the definition of L'^{'j) given in §5 with (7.14.8), we now see that 
the numbers L^(7) from §5 and Lm{i) from this section are equal. Applying Theorem 
5.1 yields the following result (we now let / once again denote M°). 
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Theorem 7.14.B. The Lefschetz formula for the alternating sum of the traces of the 
self-maps (7.8.1) is given by 



I(^g(m)(Q) n G^(Q))//(Q)|-^ • x(/) • o^if^) ■ (-ifM^M/Aa) . e.) 

(M,7) 

with and ^*m(7, ©i/) o,s in §5, the index set for the sum being the same as that for 
the first sum in (7.14.4)- 

(7.15) Q-equivalence. There are three special cases in which the statement of Theorem 
7.14.B can be simphfied, but before we can do this we need to make a couple of definitions. 
Let 0, 0' be stable virtual characters on G(R). We say that and 0' are Q-equivalent 
if they agree on Treg (M) for every maximal R-torus T in G whose M-split component is 
both defined and split over Q. Note that and 0' are Q-equivalent if and only if the 
functions $m(", 0) and $m(", 0') coincide for every Levi subgroup M of G over Q such 
that {M/Am)r contains an anisotropic maximal R-torus. Clearly the expression for the 
Lefschetz formula given in Theorem 7.14.B remains valid when 0i/ is replaced by any 
stable virtual character 0' that is Q-equivalent to 0;^. 

(7.16) The orientation character XG- We will also need the following sign character 

XG : GiR) ^ {±1}. 

Recall from 7.2 the real manifold 

XG = G{R)/{KG-AG{Rf), 

on which G(R) acts by left translations. Of course Xq is diffeomorphic to a Euclidean 
space and hence is orientable. For g e G(R) we define xcig) to be —1 if reverses the 
orientation of Xq and +1 if g preserves the orientation of Xq- 

Let P — MN be a parabolic subgroup of G whose Levi component M contains Mq. 
Suppose that M contains a maximal R-torus T such that T/Am is anisotropic over R. 
We claim that 

(7.16.1) xg(7) = sgn(det(7; Lie(iV))) 
for aU 7 e T(R). 

Indeed, since P(R) acts transitively on Xq, we see that as an M(R)-space Xq is given 

by 

(7.16.2) Xg = Ue{N) x Xm x (Am(R)7^g(K)°). 
It follows that 

(7.16.3) XGim) = XMim) ■ sgn(det(m; Lie(7V))) 

for all m e M(R). Since T(R)/Am(R) is connected, and since Am(R) acts trivially on 
Xm, we see that xm is trivial on T(R), so that (7.16.1) follows from (7.16.3). 
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(7.17) Very positive v. Now suppose that v is sufficiently positive. Then the weighted 

cohomology complex Ek is equal to RJiEk, where j denotes the inclusion of Sk in Sk, 
and the global weighted cohomology is the cohomology with compact support of Sk with 
coefficients in E^- Moreover it is obvious from the definition of 0^ that 0,^ is equal to 
(the character of) the representation E* contragredient to E (for sufficiently positive u 
the virtual modules Ep used to define Qi, are trivial except when P = G). Therefore in 
this case the expression for the Lefschetz formula given by Theorem 7.14.B involves the 
character of the representation E* , as was also observed by J. Franke [F] and G. Harder. 

(7.18) Very negative v. Now suppose that v is sufficiently negative. Then the 
weighted cohomology complex is equal to the full direct image i2j*Ex, and the 
global weighted cohomology is the ordinary cohomology of Sk with coefficients in E^. 
Moreover we claim that 0,^ is Q-equivalent to (the character of) the virtual representa- 
tion (-1)'^'™^^°^Xg ® E* of G{R), where Xq is the space defined in 7.2 and xg is the 
orientation character defined in 7.16. 

Let T be a maximal M-torus in G whose M-split component A is defined and split 
over Q. Let M be the centralizer of ^ in G, a Levi subgroup of G over Q. Replacing T 
by a conjugate under G(Q), we may assume that M contains Mq. We must show that 
for aU 7 e T{R) 

(7.18.1) $m(7, e.) = (-l)d-(^«) . xg{i) ■ $m(7, E*). 

As usual we write 

7 = exp(a;) • 71 

for unique elements x e 21m and 71 e T(M)i. By continuity it is enough to prove (7.18.1) 
when 7 is regular in T(M) and x is regular in 21m- 

We use Theorem 5.1 to evaluate ^Mil^^u)- Since we are assuming that v is suffi- 
ciently negative, the factor 

^q{-x,Pl{w{Xb + Pb) - Pb) - t^q) 

entering into the definition of Lq (7) is unless L = M and x lies in the chamber Cq in 
2tM determined by Q, in which case the factor is (— l)dim(AM) (•^gg Lemma A. 7 and the 
analog for ipq of (A. 2) to evaluate lpq{—x,p,) for very positive p,). Therefore Theorem 
5.1 tells us that $m(75 0z/) is equal to 

(^_l)dim(AMMG) . 5~^/^(7) 

times 

wew 

where Q = MN is the unique parabolic subgroup with Levi component M such that x 
lies in the chamber Cq. The number (7.18.2) is equal to 



tr(7-i;£;)-tr(7;A*(Lie(iV)), 
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where A*(Lie(A'")) denotes the virtual M- module 



J2{-iy /\{Lie{N)). 

i>0 

Therefore, in order to prove the equality (7.18.1) it is enough to prove that 

(7.18.3) (-l)d-(^MMc) . ^-l/2(^) . -Q^-L _ ^ (_i)dim(X«) . . (^)|l/2^ 

a 

where the product is taken over roots a of T in Lie(A'"). The two sides of (7.18.3) have 
the same absolute value, and therefore it is enough to prove that the number 

(7.18.4) (_l)dim(XG) . ^_-^^dim(AM/AG) . . ^[(l - ^(7)) 

a 

is positive. Using (7.16.1) we see that the number (7.18.4) has the same sign as 

(^_l)dim(J£:G) . ^_-|^-jdim(AMMG) . j^(Q;~^(7) - 1). 

a 

Complex conjugation preserves the set of roots ct of T in Lie(A''). If a is not real, then 
the product of a~^{'y) — 1 and a~^{'y) — 1 is positive. If a is real, then a~^{'y) — 1 is 
negative (use that x lies in the chamber Cq). Therefore the sign of the number (7.18.4) 
is equal to 

^_2^dim(XG) _ ^_-^^diin{AM/AG) . ^_-|^^dim(Ar) 

It follows from (7.16.2) that 

dim(XG) = dim(AMMG) + dim(iV) + dim(XM). 

Moreover dim(XM) is even since {M/Am)r contains an anisotropic maximal R-torus. 
Therefore the sign of the number (7.18.4) is indeed +1, as we wished to show. 

(7.19) Middle v. Now suppose that v — Urn- Then is the upper middle weighted 
cohomology complex. Assume further that {G/Ag)m. has an anisotropic maximal R-torus. 
Then by Theorem 5.2 the virtual character O,^ is Q-equivalent to 0^ . Thus the expres- 
sion for the Lefschctz formula given in Theorem 7.14.B essentially agrees with Arthur's 
formula [A, Theorem 6.1] for the alternating sum of the traces of a Hecke operator on 
the L^-cohomology groups of Sk with coefficients in E^. Actually Theorem 7.14.B ap- 
pears at first to disagree with Arthur's formula, which contains the factor $m(7,0^) 
rather than $m(7, ©"^ ), but by replacing 7 by in one of the two formulas we come 
closer to agreement, since Arthur uses the usual left action of the Hecke algebra on the 
L^-cohomology of Sk, while in this paper we have (implicitly) used the right action of 
the Hecke algebra on the upper middle weighted cohomology of Sk- In other words it is 
the right action of f°° on W{Sk,'^k) that coincides with the self- map defined by our 
Hecke correspondence (ci,C2); of course the right action of /°° coincides with the left 
action of the Hecke operator defined by 

f^[x)^r{x-^) {xeG{Af)). 
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We should also note that the index set for the sum in our formula is somewhat different 
from the index set for the double sum in Arthur's formula, and that our formula has the 
factor 

|(iVG(M)(Q)nG^(Q))//(Q)|-i 
while Arthur's has the factor 

\w^\\w^\-'\i''{i)\-\ 

however it is easy to see that these are just two different ways of writing the same thing. 

However, our formula disagrees with Arthur's in that we sum only over Levi subgroups 
M such that M/Am contains an anisotropic maximal torus over M. In [A] all Levi 
subgroups M are allowed, although the term indexed by M vanishes (due to the factor 
$m) unless M/Am contains an elliptic maximal torus over M. Thus Arthur's formula 
may have more non-zero terms than ours (the split component of the center of M over IR 
may be strictly bigger than Am)', however these extra terms in Arthur's formula should 
not actually be there (the error occurs in equation (4.1) of [A], which is only valid if the 
split components of the center of M over Q and M are the same). 

A. Functions associated to convex polyhedral cones 

Let X be a finite dimensional real vector space and let C be a closed convex polyhedral 
cone in X. Recall that this means that there exists a finite subset S oi X such that C 
is equal to the set of non- negative linear combinations of elements of S; equivalently, it 
means that there exists a finite subset T of the dual vector space X* such that C is equal 
to the intersection of the sets 

{x e X I \{x) > 0} 

where A ranges through T. We denote by C* the closed convex polyhedral cone in X* 
dual to C. Recall that C* is defined by 

C* := {A e X* I A(a;) > for all x e C} 

and that the map 

F ^ -.= 0* n{Xe X*\ X{x) = for all x E F} 

sets up a bijection between the set JF of (closed) faces of C to the set JF* of (closed) 
faces of C* . Moreover C** = C and F-*-*- = F. The map F F-^ is order-reversing (we 
order faces by inclusion) and 

dim(F) + dim(F^) = dim(X), 

where dim(F) denotes the dimension of the linear span of F. 
Define an integer- valued function ipc on X x X* by 

Fe:F 
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where we have denoted by C(f-L)* xF* the characteristic function of the subset (F-*-)* x F* 
of X xX* (since F-^ and F arc themselves closed convex polyhedral cones, it makes sense 
to consider their dual cones (F^)* and F*). Note that (F-*-)* is equal to C + span(F), 
where span(F) denotes the linear span of F. Clearly 

(A.l) Vc* (A, x) = Vc(a;, A). 

Let Xi denote the linear span of C and let X2 denote the largest linear subspace of 
X contained in C. In X* we have the perpendicular subspaces 

Xl- = {A e X* I X{x) = for all x e Xi } (i = 1, 2). 

The cone C gives rise to a cone C in X1/X2 and it is easy to see that ipcix, A) is unless 
X e Xi and A e X^, in which case 

(A.2) V'c(x,A) = (-l)^™(^^Vc(^,A) 

where x, A denote the images of x, A under the natural surjections 

Xi — i> X1/X2 

Xt ^ X^/Xt = (X1/X2)* 

respectively. 

Suppose that C is a simplicial cone in X. Then the pair {X, C) is isomorphic to 
the pair (R", (R>o)"'), where n = dimX and ]R>o denotes the set of non- negative real 
numbers. We will now calculate t/^c for the pair (R"^, (R>o)"^). Of course we identify X* 
with R'^ as weU. Let x = {xi, . . . , x^) G R'^ and A = "(Ai, . . . , A„) e R". Write / for 
{1, . . . , n} and then put 

lx = {iel\xi>0} 
Ix = {ieI\Xi> 0}. 

Lemma A.l. The number 7/^(7(0;, A) is unless the subsets Ix and I\ of I are comple- 
mentary, in which case 

V^c(a:,A) = (-1)1^-1, 
where denotes the cardinality of I\. 

Indeed, the faces of C are indexed by the subsets J G I, the face corresponding to J 
being 

{x eM^ \xi>0 for alH e J and a;j = for alH e / \ J }. 

Thus 

J 

where J ranges through all subsets of / such that 

(/\/,)c Jc/a, 
54 



and the lemma follows from the elementary fact that for any finite set S the sum 

TCS 

is unless S is empty, in which case it is 1. 

In the next lemma and corollary it will be convenient to assume that 

dim(C) = dim(C*) = dim(X). 

We refer to the faces of C having codimension 1 in C as facets of C, and we refer to 
the linear spans of the facets of C as the walls of C. The walls of C form a finite set of 
hyperplancs in X . Wc say that a point in X is C-regular if it lies on no wall of C. We 
refer to the connected components of the set of C-regular points in X as chambers in 
X. Of course the interior of C is one of these chambers. Similarly the walls of C* divide 
X* into chambers. The value of ipcix^X) on C-regular x e X and C*-regular A e X* 
depends only on the chambers in which x, X lie. 

Lemma A. 2. Let x, x' be C-regular elements of X and suppose that there is exactly one 
wall Y of C separating x and x' {in other words x,x' lie in adjacent chambers). Put 
Cy := Cn y, a facet of C which can also be regarded as a closed convex polyhedral cone 
in Y , so that the function i/jcy onYxY* is defined. Assume that x, C lie on the same 
side ofY. Then 

where Xy € Y* is the restriction of X to Y and y &Y is the unique point of Y lying on 
the line segment joining x and x' . 

Let q; G C* be a non-zero element of the 1-dimensional face (Cy)-*" of C*. Thus Y is 
the kernel of the linear form a, and a is positive on x, negative on x' . Since x, x' lie in 
adjacent chambers, ii{x) and have the same sign for any non-zero element (i of any 

1-dimensional face of C* other than (Cy)-*-, and this sign is the same as that of 
Therefore 

is unless F is contained in Y (equivalently, unless F-*- contains a), in which case it is 
equal to 

where G = (F-*-)* fl Y and H is the image of F* under the canonical surjection from X* 
to Y*. But the faces of Cy are precisely the faces F of C contained in y, and, writing 
Fy to indicate that we are regarding such a face F as a face of Cy, we have Fp = H 
and 

(F^)* =Cy + span(F) 

= (C + span(F))nr 

= (F^)*ny 

= G. 

This proves the lemma. 

Applying the lemma to C* and using (A.l), we obtain the following result. 
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Corollary A. 3. Let A, A' be C* -regular elements of X and suppose that there is exactly 
one wall Z of C* separating A and A'. Let u & C be a non-zero element of the 1- 
dimensional face {C*nZ)-^ ofC corresponding to the facet C* HZ ofC*. PutX := X/Bjjj 
and let C denote the image of C under the canonical surjection X — >• X; note that Z is 
the dual vector space to X and that C is the closed convex polyhedral cone (C* HZ)* in 
X dual to the cone C* H Z in Z . In particular the function on X x Z is defined. 
Assume that A, C* lie on the same side of Z (equivalently, assume that A(a;) > and 
X'{u)) < 0). Then 

ipc{x, A) - ^c{x, A') = -i^ci^, A) 

where x denotes the image of x under the canonical surjection X — > X and A denotes 
the unique point of Z lying on the line segment joining A and A'. 

Now we come to the main point of the appendix, which is to show that if C decom- 
poses as a union of cones, then ipc decomposes accordingly. For this we need a little 

o 

preparation. For any closed convex polyhedral cone C in X we write C for its relative 
interior (the interior of C in span(C)). We say that a function / : X ^ Z is conic if it 
can be written as a finite Z-linear combination of characteristic functions of closed 
convex polyhedral cones C in X. Let A be a non-zero element of X*, let C be a closed 
convex polyhedral cone in X, and put 

C+ = {xeC\ X{x) > 0} 
C- = {xeC\ X{x) < 0} 
Co = {x e C| A(a;) = 0}. 

Then C+, C_, Cq are closed convex polyhedral cones in X, and we have the relation 
(A.3) + Cco - ~ ^c^ =0. 

It is not difficult to see that the abelian group C(X) of conic functions on X is presented 
by the generators and the relations (A.3). 

o 

The characteristic function £o of the relative interior C of C is a conic function on 
X. Indeed it can be expressed in the following way in terms of our generators 

(A.4) = (_l)dim(C) ^(_i)dim(F)^^^ 

F 

where the sum is taken over the set of faces F of C. To prove this note that the value of 
the right-hand side of (A.4) at a point a; e X is unless a; e C, in which case it is 

(_l)dim(C) ^(-_;l)'^^™(-^) 
F 

where F now ranges through all faces of C containing F{x), the smallest face of C 
containing x. These faces correspond bijectively to the faces of a new cone, namely 
C -\- span(F(a;)). Therefore (A.4) follows from the following well-known fact: for any 
closed convex polyhedral cone C 



(A.5) J^(_l)dim(F) ^ I 



^_iyim{C) if (7 is a linear subspace of X, 

otherwise, 
56 



where the sum is taken over all faces F of C (to prove this fact reduce to the case in 
which C 7^ {0} and C contains no non-zero linear subspace and note that in this case 
C \ {0} is contractible, hence has Euler characteristic 1; on the other hand this Euler 
characteristic is equal to 

_^(_l)dim(F) 
F 

where F ranges through all faces of C other than {0}). 

We now define a homomorphism f ^ f* from C{X) to itself by putting 

Of course we must check that if this definition is applied to the left-hand side of (A. 3), 
we get 0. We may as well assume that A takes both strictly positive and strictly negative 
values on C (otherwise the relation (A. 3) is itself trivial). Then 

dim(C+) = dim(C_) = dim(C) 
dim(Co) = dim(C) - 1 

o o o o 

and C is the disjoint union of C+,C- and Co, which gives what we want. 
Next we define a homomorphism f ^ f from C{X) to C{X*) by putting 

c* 

o 

Here C* denotes the relative interior of the dual cone C*. Again we must check that 
when we apply this definition to the left-hand side of (A. 3), we get 0. We will see in 
a moment that the operation * is an isomorphism; therefore it is enough to consider 
instead the operation obtained by following A by * and multiplying by (— this 
operation sends to ^c* ■ We must show that 

Cc* + Ccq* - Cc* - Cc* = 0. 

This is an immediate consequence of the following well-known fact: if Ci,C2 are closed 
convex cones whose union is convex, then U C| is also convex and 

(Ci UC2)* = cr nci 
(Ci nCa)* = c*uc;. 



It is easy to see from the definitions of our two operations that /** = / and f^*^* = f 
for all / e C{X) (for the first equality use (A. 4) and for the second use that C** = C). 
It follows that both of our operations are isomorphisms. These operations are best 
understood by placing them in a more general context (see [KS],[M]), in which * comes 
from Verdier duality and A from the Fourier-Sato transformation, but this point of view 
is not needed for what follows. 

It is interesting to calculate (C^)^- We claim that 

(A.6) (^o,)^ = (-l)d-(c)e-c- 
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We will now give an elementary proof of this consequence of Lemma 3.7.10(ii) of [KS]. 
Using (A. 4), we see that (A. 6) is equivalent to the equality 

which is in turn equivalent to 

(A.7) y - (_l)dim(X)-dim(C*)^ ^ _ 

Let X e X*. The value of the left-hand side of (A.7) at A is 
(A.8) 

where J-'x denotes the set of faces F of C such that A is non-negative on F. Let C+ be 
the set 

C+:={xeC\ X{x) > 0}. 
We claim that (A.8) is equal to 

(A.9) 

If A = 0, the claim is obvious, so we assume that A 0. Then T{C^) contains T\. 
Elements of T{Cj^) that are not in T\ arise in pairs FnC+ and Fnker(A), one pair for 

o o 

each face F oi C such that ker(A) meets F but does not contain F. For such F 

dim(F n ker(A)) = dim(F n C+) - 1; 

and therefore each such pair of faces contributes to (A.9), and the claim follows. 
It follows from (A. 5) (applied to C+) that (A.9) is equal to 

r (— 1)'^'™('^+) if Cj^ is a linear subspace, 
\ otherwise. 

But C+ is a linear subspace if and only if A is < on C and C fl ker(A) is a linear 
subspace. If A is < on C, then C fl ker(A) is a face of C, and therefore C fl ker(A) is a 
linear subspace if and only if it is equal to the unique minimal face of C. Thus C_|_ is a 

o 

linear subspace if and only if A G — C*, in which case C+ = C fl ker(A) is the minimal 
face of C and thus has dimension equal to 

dim(X) - dim(C*). 

This completes the proof of the equality (A.7). 

We say that an integer- valued function on X x X* is biconic if it is a finite Z-linear 
combination of characteristic functions CcxD, where C (respectively, D) is a closed 
convex polyhedral cone in X (respectively, X*). Of course the functions ipc considered 
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earlier are biconic functions on X x X*. In fact we are now going to generalize '^c by 

associating to any conic function f on X a, biconic function tf)}- on X x X* . If / is the 
characteristic function of a closed convex polyhedral cone C we define tpf to be the 
function %l)c defined earlier. Since any conic function / can be written as a Z-linear 
combination 

c 

for a finite set of closed convex polyhedral cones C and integers nc, we are then forced 
to define '(/'/by 

c 

Of course we must show that ipf depends only on / and not on the way in which we 
write it as a Z-linear combination of characteristic functions of cones. This can be done 
directly, but instead we will use the two operations introduced earlier to give a shorter 
proof. For any biconic function and any A e X* the function '(/'(•, A) on X is conic, 
and therefore we can apply the operation * to '0 in the variable x & X (holding A fixed) ; 
this operation sends ic-xn to {-lY''^^^Ho , which is again biconic. It follows that 

CxD 

applying * to ^/^ in the variable x E X yields a biconic function. Similarly, applying * 
to in the variable A G X* yields a biconic function. Any biconic function is conic on 
X X X* and so we may apply the operation A on X x X* to any biconic function V' on 
X X X*. Since the dual of X x X* is X* x X, which we may identify with X x X* by 
switching the order of the two factors, we may regard A as an operation taking biconic 
functions on X x X* to biconic functions on X x X* (it is clear that ip is biconic, not 
just conic). 

For a biconic function i/' on X x X* we denote by tj)' the biconic function on X x X* 
obtained by applying * in the variable A G X* to the biconic function •0. We will use 
the operation ip ip' to show that f ^ ipf is well-defined. It is enough to show that 

c 

depends only on /. We need to find a simple expression for {i/jc)'', by definition it is 

F 

o 

But for any x G F we have 

= C* n {A G X* I A(a;) = 0}. 
Therefore {ipcYix, A) is unless A(a;) = 0, in which case it is equal to 

F 

Our problem has been reduced to the following: for {x, A) G X xX* such that A(a;) = 
we must show that 

(A.IO) X!^^^C7xC*(a;,A) 

c 
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depends only on /. In fact we will show more: for such (a;, A) the expression (A. 10) is 
equal to 

(A.ii) inx^rix) 

where X+ is the set 

X+ = {xeX\ X{x) > 0}. 

Since this statement is linear in /, we may assume without loss of generality that f = ^c- 
Then (A. 10) is equal to ^cxC*{x, X), which is in turn equal to 

^cix) ifCcX+, 
otherwise. 

By definition /* equals (— l)'^™('-^^^o and therefore the product f*ix+ equals 

^ ' Cnx+ 

o o 

There are three cases. If C is contained in then CnX+ = C and = Cc) so 

that (A. 11) agrees with (A. 10) in this case. If C is not contained in but is contained 
in X_, where 

X_ = {x e X\\{x) < 0}, 

o 

then C n X+ is empty and therefore (A. 11) is 0, which again agrees with (A. 10). If 
C is contained in neither X+ nor X_, then we are in the situation considered during 

o o o o 

the proof that * is well-defined, and C is the disjoint union of C+, C_ and Cq, where 
C+ = C n X+, C_ = C n X_ and Co = C n ker(A). Therefore C n X+ is the disjoint 

o o 

union of C+ and Cq, and it follows that 

= Cc+ - CCo- 

For X such that X{x) = 0, we have 

which shows that (A. 11) again agrees with (A. 10). This concludes the proof that V'/ is 
well-defined. 

The following proposition is an easy consequence of the fact that V'/ is well-defined. 

o 

Proposition A. 4. Let C he a closed convex polyhedral cone and suppose that C is the 

o o 

disjoint union of the relative interiors Ci, . . . ,Cr of r closed convex polyhedral cones 
Ci,...,Cr- Then 



= ^(-l)dim(C)-dim(C,)^^^ 



i=l 
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Indeed our hypothesis is that 

r 

e° = y"^ • 

C ^ Ci 
i=l 

Applying the operation *, we find that 

r 
i=l 

Applying the map f ipf, we then get the desired equality. 

Proposition A. 5. For any conic function f on X the quantity i(^f{x, A) vanishes unless 
X{x) < 0. 

The conic function / can be written as a Z-linear combination of characteristic func- 
tions of closed convex polyhedral cones C that are simplicial as cones in their linear 
spans. Therefore it is enough to prove the proposition in the case that f — for such 
a cone C. By (A. 2) we may assume that C spans X and hence that C is simplicial in 
X. Then the proposition follows easily from Lemma A.l. 

The function ipc is equal to ipf for the conic function f = ^q. We can also use the 

o 

open cone C to obtain an equally useful variant o of V'c by putting 

c 

where g is the conic function ^ o . 

c 

Lemma A. 6. There is an equality 

C ^ — ' C+span(F) 



The cone C + span(F) is the relative interior of the cone C + span(F), whose faces 
are in one-to-one correspondence with the faces G of C containing F, via the map 
G G + span(F). Applying (A. 4) to C + span(F), we see that the right-hand side of 
the equality we are trying to prove is equal to 

(A.12) ^(_l)dim(F) ^ (-l)'^^"'(^)-'^^"'(«)eG+span(F)(a:)eF*(A). 

F {GeJ'lGDF} 

Applying (A. 4) to C, we see that 

and by writing out the definition of we see that (po^{x, A) is equal to the expression 
(A.12). This proves the lemma. 
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Note that the expression for 93^(2;, A) given by Lemma A. 6 is almost the same as the 
expression for ipc{x, A) given by its definition; the only diff'erence is that the factor 



appearing in the definition of V'c(^: ^) is replaced by 

C+span(F)' ' 

o 

in the expression for ifo (x, A). Since C + span(F) is the relative interior of C + span(F), 

c 

we conclude that for any conic function f on X, the biconic function i/jf* associated to 
/* is obtained from ipf hy applying the operation * to ipf in the first variable. Moreover 
we conclude that 

(A. 13) (/Po {x, A) = ipc{x, A) if X is C-regular. 



It is no surprise that (/?^ behaves just about the same way as ipc- For example (po^ 

satisfies the obvious analog of (A. 2) (replace C, C in (A. 2) by their relative interiors). 
Now suppose that C is a simplicial cone in X and use the same notation as in Lemma 
A.l. We need one more bit of notation: put 

o 

Ix = {i ^ I\xi> 0}. 
Then it is easy to see that (po^ satisfies the following analog of Lemma A.l. 

o 

Lemma A. 7. The number (fo (x, A) is unless the subsets Ix and Ix of I are comple- 

c 

mentary, in which case 

^^(a;,A) = (-1)1^^1, 
where \Ix\ denotes the cardinality of I\. 



B. Combinatorial lemma of Langlands 

In this appendix we generalize a combinatorial lemma of Langlands [Al, Lemma 6.3]. 
Let X be a finite dimensional real vector space, and let (•, •) be a positive definite 
symmetric bilinear form on X, with associated metric 



d{x,y) = {x-y^x-yY^"^. 



Let C be a closed convex polyhedral cone in X. Let x & X. Since C is closed there 
exists a point xq & C that is closest to and since C is convex, the point xq G C is 
unique. Again by convexity this closest point can be characterized as the unique point 
xo e C such that 

d(a;, a;o) < d{x, xq + r{y — xq)) 
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for all y e C and all real numbers r e [0, 1] . For fixed y E C the truth of the inequality- 
above for all r e [0, 1] is equivalent to the inequality 

{x - xo,y- xo) < 0. 

Thus, since C is a cone, xq E C is characterized by the property that 

(x — Xq, z) <0 

for all z E Z, where Z is the set of all elements in X of the form y — rxo for some y E C 
and some positive real number r. 

o 

Let F be the unique face of C such that xq lies in the relative interior F of F. We 
claim that Z is equal to C + span(F). Clearly Z is contained in C + span(F). Moreover, 
in order to prove the reverse inclusion it is enough to show that —F is contained in Z. 

o 

Let xi E F. Since xq E F, there exist x^ E F and a positive real number r such that 

xi- xo = -r{x2 - Xo), 

which shows that —Xi E Z, as desired. 

We use the inner product (•, •) to identify X with its dual. In particular we now view 
the dual cone C* as subset of X itself: 

C* = {x E X\{x,y)>0 for all y E C}. 

As in Appendix A we denote by F-^ the face C* n span(F)-'- of C* determined by the 
face F of C. Of course F-*- is equal to 

(C + span(F))*. 

o 

We conclude that xq E F is the point of C closest to x if and only if 

X - Xo E -F-^, 

in which case xq is the orthogonal projection of x on span(F) and x — xois the orthogonal 
projection of x on span(F)-'-. In particular the set of all points x E X such that the 

o 

point Xo in C closest to x lies in F is equal to 



We have written © rather than + in order to emphasize that the cones F and — F"*- lie in 
the complementary subspaces span(F) and span(F)-'- respectively. Let denote 

o 

the characteristic function of the subset F ® (— F-*-) of X. We conclude that 

(B.i) i=y^ (x) 

for all X E X, where denotes the set of faces of C. 

The equality (B.I) is a (generalization of) a simple special case of Langlands's com- 
binatorial lemma. We will now use this special case to prove the general case. 

We continue to identify X with its dual, so that the function ipc on X x X* (see 
Appendix A) becomes a function on X x X. For any subspace F of X we denote by py 
the orthogonal projection map from X onto Y. Now we can state our generalization of 
the combinatorial lemma of Langlands (take C to be simplicial and use Lemma A.l to 
recover the usual form of the lemma). 
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Lemma B.l. Forx,y e X there is an equality 

V'C+span(F)(-y, -Pspan(F)^(2;)) •C|,(Pspan(F)(a;)) = {-if'^^^^^^o^iy). 



The faces of C + span(F) are precisely the cones G + span(F), where G ranges through 
the set of faces of C containing F; note that for such G 

span(G + span(F)) = span(G) 
dim(G + span(F)) = dim(G) 

(C + span(F)) + span(G + span(F)) = C + span(G'). 

Therefore by the definition of V'c+span(F) the left-hand side of the equality in the lemma 
is equal to 

(-l)'^'"'^^^Cc+span(G)(-2/) • C(G+span(F))*(-Pspan(F)^(a;)) • (Pspan(F) (a^)) , 

which by interchanging the order of summation we rewrite as 

Y (-l)'^'™^^^Cc+span(G)(-y) ' Y ^(G+span(F))* (-Pspan(F)^ (a^)) " ^ ^{Pspa.n{F){x)) , 

where J^{G) denotes the set of faces of G. The second sum is 1 by (B.l) (applied to G). 
Therefore the double sum reduces to 

$](-l)'^"^(^^eC+span(G)(-2/)- 

GeJ^ 

Applying equality (A. 7) to C*, we see that this last expression is equal to 
This completes the proof of the lemma. 

o 

There are two special cases of Lemma B.l that are worth noting. First, if y G C, it 
is easy to see that Lemma B.l reduces to the equality (B.l). Second, if y G —C, then 
Lemma B.l reduces to the following result. 

Corollary B.2. There is an equality 

[-l)dimix)-dim{C) c IS a linear subspace, 



y (_;L)d-(^")^ . = / 



(F^)°®F [ otherwise. 

r fey" 



Indeed, if a; e C, then ^(•^_L)*(a;) = 1 for all F e J^, and therefore 

^c(x,A)= $^(-1)'^^"^(^)Cf*(A) 

FGJF 
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(we used the equality (A. 7)). Applying this to C + span(F) instead of C, we see that if 
y e — C, then 

Moreover, if j/ e — C, then 

f 1 if C is a linear subspace, 
c [0 otherwise. 

Therefore Lemma B.l does reduce to Corollary B.2 when y e —C. 
Corollary B.3. The sum 

is unless C is a linear subspace and x = 0. Here the dual cone (F-*-)* is taken inside 
the subspace 

span(F)-^ = span(F-^) 
and the dual cone F* is taken inside the subspace span(F). 

This corollary can be derived from the previous one by applying the operation * and 
then the operation A. Note that the formula 

{Pa-.PaDPi} 

on p. 940 of [Al] is the special case of this corollary in which the cone C is the closed 
chamber in 21mi/21g determined by Pi (still using Arthur's notation). 
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